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Kontsevich ln*egrai

sI. From #he simplest _example bm.-dmﬁ

Question | :How Ao colculste  fink  numbers ?

4hCA B)= z(#4) -#D=|

Step I The bm’dl'ng Number 01’ ¢ 2-bmid.

£ loJ e 7,  Cond(C) /2,)
_/\ = sa J, d Aoy cz-w)
[ 1]/

wit)




Step 1'. The bmidmg numbers of an N braid.

| 2 3 %2

S |
an  \F®/B® 0
L 0

(ol € J0.C Cofa (€)/Z).
’W brawlmg numbey of A vth ond G~ stronds
= 2rF f ol o&(szyzi(t))

~ Denwte {Zarma/, varmbes f’tq | 1<i<]¢g }
== J jen t i dAgzich-za) (%)

~> Write Sk, = %—TH-'ZQM Ay OHOJ (&i-2)
€ LL'CCa(€), Ben CHGD
)= J . = L%

Con‘fan)/z
@ c /7




Questim 2 Whg s LG Jln an invariendt w.v. £ horizondtal
dq”orm%'ons of CRe?

Answer A0, =0f.

B owe wite Zp - op(Lrt00) € T (S CHi)

— {%ZM) = 1;(0) R (x*) (KZ eguaz‘ion )
2[0) = |
(hzlonomﬂ wrt. Vo olomg )
Question 2 = When is Z(1) oan invaiand w.v. % horizontal
Mwm%’ms of Ok’
& By which reguemnt on Ja, ZEy(1) =0 if
\ is & comractible loop in Conf,. CC)?
< When does Ahe fouowing eguwfitm
(d- .) W=7, ( KZ egum’mn)
Wix) =1 .
has o unigue local solutim volued 0 'Af(.ﬁjsn C )
rew K, im‘egmble 7



‘/(KX conyection )
Write V= d — A as a connection on Cmf,\(([)

valued in \Rien C Ay
AY\SWCY: Vi is a 7flm‘ connection , V: =0, le.

dD.= 2. AN,

Poot 4 Alatress = im‘q‘qmbll[z_"f:
he I' = M . smooth , h(0.5) gnd hCLS) constart =2 P09)=PU.9=0
Write We= Pds + $d4 . Then
_ 9P _ Dt
40, = QuAD. = 55~ 3 = [8.F]

Denote X (4, 5) be e Unigue solutin 074
)

5% = EX

X(0,5) =1 Vs,
Then,

22 . dgx)- L7 -[§pIZ + AR
= BZ%(%%‘-?Z): b (& - P2

& 9w -PX = X(0- Pros))=0
= 3—§<M> = PLs)Z(4S).
When #-1. & (1.5) = 0 .



Lemi.  DaAfa=0 it Rt D BuMtn,
* (2T velations) " On e Vissiliev Kot Iniowts.
[4j, 4 ]=0 . V #{igktl=%. i<i k<t

e (4T velations)
LAy Al =-[45 4] = [4, g3l V i<i<k

Dendte Aige = [ 4. 4]
|
i Wite wy = s 4AgE-2 . Then
0.4 82, =i<§d Aig Ay Wi A Wy
= KiZ(,L Tk (WA Wik — Wik A Wy — Wig A Wig )

+#f%h.ﬂ=4 Hij. 4e] Wig A Wy
= (. O

(Avnold s idemtidy ) Wij/\ Wig = Wig A Wik = Wae A W = ().
w: & (dzin dzg+dzg Adz +dze A JZ;S-(& ZrZi~Zot & -E) =0

(m]



Question 3:  How Ao write down Xy (1) = exp ( fzr .)17 M: Francis Brown,
" Herated im‘edrals in QFT.~

Auswoc:  exp CIF Ak d) (Dyjl series - Herated (niejml)
=1t Nz;, fo§:t.§~'<\#r¢£# At Al - AO dA-dA,

is Ahe unigue solution Ao A )fo[{owhg egwm‘im
i L2 = Al%) X4,
X(0) = 1.

P 1'001Z fw leson serjes

¢ Dg:aﬂ series  Converges obolukely for 1€ [0.T1,

< A | ==

~

S -
0ss'<|

fos:hsr <Ayct Al Al 4 o%v

j_t ( | +%‘].D$?h$“‘§7tﬂst AHM)A(%)J*GH»)
% Abﬁ J\O\(’f,s“'sitﬂ-ys’t AHN—J“ A(’fl) DL?/L:‘ . JH/V-:
Alt) Z(D.

. L{nigwmess is by Peards mebtod using  Successive. opproamatin

o



Hence ,

= N
Z((i) = | + A%(M—Iﬁ) f f(%jg),k:i,-~-,NHsiu<jlz5n}

0<4i<- € Aw |

JZI = dZ{ -oEj”
#N e ;t"y f - *
i - /\ /\ Zi-Z;, (x*x)
Def,nce com?{etion
M' The Lie ba Dn'nfe[/o( ~ Kohno Lie dgebm) o s jmded Lie aljebm with
T ois ab;fme o, Aej(/hj): l.
Nodie Ahod, R

T = FfetLi€£<4Lij’ |$f<j5ﬂ> / (2T . 4T). * The completions @(md T
e a,lL wor.d Ak degree.

B
We  shall Yegwd Xy (1) valued UL . ° l,{(’c,,) = u(%n

—
.= Cta k)= Ci%al.
v central element Remark

/3i FYCCL{€¢< 762 J6—13> @ O: ’tn.*”t;s* %.3)
U[t;) = Q:[ ’tlz + 7#1; + ¢llj<< 7611 7tzs>> 7?166 aljebm

Egamgle ,



A1 1)

( Hovizatel chard leaJYN"S)

| n
. i 4 S 4
e AT
I S I

(4T - veloions)
FE-EEL - T - B
Hence ,  the Vlolonom% Z:) s valued i

. w(A(

[ n

11-1).

| 2

?

’tijz = [i{\j,fﬁdk_‘l

AAT\ W

! Pk

//%\
_0- i j k



Ln summwg 5

Ol = ,S;q.sn A Wy e Canfu(€), ta)  sadisfies
* dNa=0.
e DaARa= 0
= Vo= d-D0 s o flot comectim.
= Given initid date V, W = 0 defines o wultiveld  Alot  sectim
W CufuC€) — A'(11),
Whose ho[onom} dbf{»es a 7“unciw bedween (7roa,ooids >
Z T Cordn(©) — Gy
0

z—ﬂ&r — Z w

where \CL IS a S;u{)oid with
° Obd(g;) = Conf,\C(D s o set. e
o $(2.¥) = ] Gup-die cerests in (5]

= exp ().

Romark Especiaﬂj, we  have Group }’Iomomoyphism&
X PBa>— expidy)
Bn »— op (£ > X

D_&‘-_Lem . For o ‘mice’ Hopfl olﬁebm. H,
9eH is called Ltjmup—lt'ke WQ
c Al=304
. (E%w‘vdenﬂg) 3 = ep (),
for some  Xe Prim (H).
The set of guowp-like elements is . group.
( Boker = Cambell - Hausdarff) /!
exp(X) exp (YY) = exp(BCH(X.Y)).

Coff (C) X expt%,‘



zxamp'ﬂ. l_:zg/s jo back = bmiﬂls [

-\\"/ 0 is a path (Rilh).2h) for 0$Esl
| N\ o
|
‘ } o \‘ X0 =20,
o b ¢ 249 = X,(1),
Z JZ.U) <
Z,u) A [o]: /\' (=) Bz.

Z,(0)
Z, ) Y

Xs)
Then, X (= 0,2,0) ——> (Z.w,zgn)) — ((Z.w),zm)—>(z.u),z,m))

Z, (1) — dZ (0

N dz U - d&
Xy) = ZQ}CJ—) f 76'2/\ &, (£i) = Za(4)

=
<Ay g
o0

= |+ N—lz 4= e ($)= Refr0N)

However, if  you wart Ao include e infomation of Ahe obgedts

you neeal Ao write it os

Z(K )= Xepck) =X+ 4 X“wa
2 (X) = Xoeptd =X - X“X

5

—-W

1
2

X

1 2

Z1=C, &) K= C,

v

X(r) #+ 0



$2. Towmds a/@ebmic structues Compwﬁficaﬂon &f_ B. Fresse ,

’ Homozfom of ocha(s ond  Grvothendieck
Question 4: How Ao wake on alﬂebmlt #UW% ﬁ”rom Ahis fnfﬁY g - Teichmiilber Gvoups ’

S_logg: Algebras come ;from com}:a,oﬁficwﬁons.
O Aouing bouna(ary pom;b Ao dscribe how Po[mts collide.
° Bouﬁdavg points  give dgebmic informacion.
O Bounda{lj points  with  Wighest codimension  are P“’dj a{yebm‘c.

SteplL .« Exienolinj Ahe ho(onomg functor X ondo th comfwﬁf{eo/
Conﬂjurwh'm space .
.« and Ye%vidm‘? H  between botmdarg points  with highest

codimension

Remark ~ Notie Aot X is  inveriant w4t  Avonslations  ond

dilation  over €, which weans #Aht we can veplace ConfnC@) Lj

Ca(€) = (onfa(€) /€ = Roo.
CcO =1%}, G@=S"



T/le fflrﬂ‘ nm-ft‘n‘viﬁl case IS N=3 case.

Write central element:
¢ Autdy+A _Tn s
(= 2E AT , X=2m . Y= =A,

T
Then W) = Clhel&x. 9> We calculate e mubtivalued
solutim  of KX eguation on  C:(C).

0=(d - ) W=dW= 37 (£a ddg 555 + 4o dig 5 + cdbgle3)
Denete X := 2 x&:

&= 0= dW-(XvHvﬂz-r Y Mog (1= Z)"’Ccl’{‘:](Z's -2)W
& (-2 W)= ( % *z—l)((ZzIZ) w)
Denote W = (£F-2)° Geo> = & HE27 b ooy,
= Gy = (2+55) 6w (%)
(0 has  Ahree Tegulav g,rgulam‘tes of Z2=0, l o9 .
— ~
G0 X\=2, JUL 2= zdu 12:-2.1

Toke
W= CP' \ [o, ] ULI,0o].
Uis a su‘ngte—vdueal byanch fw Gz valued m C« % Y».

= Anj Awo non-zero slwhios on U e cliﬂerei Lg a onstont element
m CKx,94>.



® Near 2=0, > is in e fom
2 G=(x-T32*) G (0
Cloim: We have a solutiom Ylear Z=0 in Ak Form
G.@=(Zh) 2"
where 3;6 CKx, 32
jpf_.(*o) e B 5 k32 +[|+,2Lﬂjkz x] t
— k3e — adx i _‘Z dd — ¢
— I = (oe- R) 3( E: 1)
ade = ks invedible i1 C«x, Y 2, e
(ady - /U-’ = _Z —{r

Bg Ais  veawsin velofion. we can gt I, Yk

‘Nemzl(*) is m7ﬂ|e=farm/k, = |-R
£ G=( Y- & 228G (*,)
Cloim: We have o solwtim vewr Z=1 in Al Fom
G @) = (1+Z h(2S) (1-2)?
where e C<x, 32

EIF(1+532)=0

3
= | et J ¢
° X—|




Dd2. The KR aswciotor is on element in € < A, 4> clofined
bz = GnE'Z) G (B .
¢eR0OCo,|)
EK‘D_[W\WHOYIA Consider @ peth ¥ m G(C) moving Ffrom
(0,&.,1) A0 (0, 176, 1) with X, and 22 Afixed,
Recall Ahat for ang*fow/l\tj'dqlineal solution W of KX 55“”7"‘”
Ve o&fwd log Kontsevich in»)‘eﬁrai.
Wo, 1€, 1) = Z(%)WC0 €,D),
Hence
Oz = G'(re) Z(V) Go(E)
= £ U+ S heet) Z0%) (105 8e) £

l _Au Y
= imogEs X(¥) €35 (xx)

— Oz (Ha,ts) we exdensim of 2 between
loowdoyg Pm‘m‘s mf' C: (D).

Howevey , bﬂ simidar constructimn, we con write  olown
(xx) o CaCC) , Vn=z3.




Basic prperties of Ok

° @kz[a‘,zl A1) is a jvauP‘Uke (of owse  nverdible ) element , e,
/\ A
Sz (He ta) € exp ( Free Lie < 4z, 4:2) eP( ;).

C Sz = G:‘G[o and G.Go e grouw-like. o
:P"f; 1 3 MP ’5[7:0 761?/‘11:0 ’62(:0

PN T > : " r .
o Be(PBY, 1T 5(g,) Oy comsiadt tem suwies UL T 10
ﬁ : I* (% 410, G‘ (X%, Y) = GU(Z,X,ZI) — Z’KCI_Z)\J- 5 Ifnl@e)l = Ifl(ékz)l = |E;l¢|<z)| =

What's more, @z (0, 42) = ba (4, 0) = bex (0.0)= 1. || | |
0z =6 bz = £0k=|]|€ (/{(%1)

o Notie Ahot 123 | 23
Go(2.%.4) = Gi(1FZ. 9. %) X 111
iz (A, tn) = GULZX Y Go(B X ) 2l = |9

= G (-2, Y,%)7 G.(1-2.Y.%)
= bx (s 4n ).
Anather proof :
Pex (An, 4a) jizkz(’lez,’ﬂz;) = JL’& E_ny; E,'a 5_3 Xy, Ex: |
¥ sb2
Bz (4o, 4a) bz (A da) = M ' 2, & e X6 = |
| T 32)

Pz = Pix.




Hexagon velations
{ e (AR) Iz = R* de R7 (He)
(i:z)m(A' ) bex = R (o )Rﬁ )

o Ftrsvﬂ\tj/ (He) €2— (HJ, we onlﬂ need 4o prove CHe).

Notice  Anat
ZINZO) X)) = R(%)RIEDRY),
sne W W W RY is o null - howohpic  Awop.
We ow[g Yleed Ao show Ao
Lim Z"‘“ZW)E"’ = AR, ()
i ”Zcmim = R, (2)
é'fofthw)z’m = (3)
Theg we  proved by choosing focol  solutions
For @, ke W(ELZ. %) =J(x.2,.%) (55 )=

X3-X,

A

\/lolomayphtc ;td "'(Zs‘Zl)c (as Z~2)
X = J(e.01) (%)”‘“ e (2) e%7 Jroe )

o e o
For ), Similar a5 2. Ay —> R
2

— 11 —‘
Fr (), Ry= hiLot) (£ )™ eof®) €% hio, e, 1)
&/—V—J

hoamorphic . and ~ (2,-2)° (05 Z,> 2)
LHS a{z (1) = €XP( M&;) eXP( 'zsz _ @(P(#uw‘?fﬂ)_ AJ.Q

o



. Peniajon velafion .

234 123
xSl ba = ARAE,

We Aeae  Ahe P"’Oi& for X-’nxm‘j Tanj since we  need jﬂm‘hu m%armwh'c/n
‘for KZ e%uwhm on CaCC) or  Kondseyich W[Ejm{ 07‘ 4 - strands.

S~
Dg{ 3 An associcdr d is @ 3rouP—Uke invertible element in A ()
sodisties,
). &¢=6¢ =¢68% =|,
» ¢ = ¢
3). é—zw'A" ) .‘FB = Asé 'A4§,

4) izsl (A;_RJ i — Qs é le-

Thin 2. The KZ ossociatr s an assoCiodor.

- e

A&ékj
A ez
t 1
-¢ (-&)
Ts
I
o_’_gl ¢ \




A Lqeb}’a[c version

__Hl we Aake Fuldon - MacPherson comPaa‘ificw‘im CaCC), Ahere will be o
decomposi#im Propen‘y For VG0 . which meas Ahad

— — kR —
DC’\(@) _n>k7lL;f{f":]k} Ck(d;) X 1_” CJ.'((D/

where  1J. Jk} is ony portiion of T, ﬂ}.

' codim=3 &, codim=

o
3 4 1 b 3 4
5 [
= ° RN bs
|
by e
7]

Boumday Poinis with htﬁhesa‘ codimensim is J'uvf a b;‘nay Aree  with
Label,[m‘j; t‘nfwmm‘l'm on  leoves gl cmgles Mfarmm‘/m o Wodes .




Reguire ol Ao warked poinds  staging o R —C < pi=o.Vi
We gt a sulojwupoid PuBy af" T (CCD))  with

o Obj- Faventhesized words ofl [L,-.n},

* WMa. Parenthesized broids .

% The groupoid by putiing olk FaBy Aogedther with on obvious monoicled structure
is called e momoidsd groupoid of porenttesized bwids ond s olenofeol FoB .
This s a submonowlal ¢ a;l@oyg mf g—zfanjles

2 @n 3¢ 6

Example T\T \/ — f[ V
\ \

2 (l 3)@ 4)
‘F € PaBz re Paﬁl P® 7 € PuBs.

Notice Ahet we can extend Ao }’loLommg ’Fmdoy X onto PaB
bi,j Ahe KX associctor .~ However . we also need Ao a(q‘lfre Ahe Jfayga‘
Groupoid, of X.



We get another 3roupo|'d QP@CD.\ by &ondog Ahe  morphism sets it
3mu}>‘t(kc eloments in Ut = A Sie, in G PaCDx
® 0Ok farenthesized wods of {10}, Pan
B
* Ma. Grroup— Like elements in UG

%. The roupoid bﬂ putting oll GRCD, Aogedther with on obvious monoiclel Hructure
is called e monoidal groupoid of purendhesized chordl diagroms and s olenofeol
log GPaCD.

(2 1) 32 21 2) & (Y

R
e 5 = i

2 U 3) (2« 3)e 4

€xam!>le

Then  4he hoLonomg Functar defned o Afunctor
X: P — 3PaCD,

which is  colled A Kontsevich t‘m‘egml on PoB.
This is @ Pwdﬂ oi@cbmic objed, we con give +  onsther dqlm;"ﬁan,



%< A (combinatorial ) Kowtsevich l'm‘fyml Zp is a funm‘oy dlﬁ‘fd on FaB
and volued in SFaCD. idutical on objects and Generodted, bg
i [ k) G )k

/= [\[—wr-r

a g R i
- i i i i

(3 ®)
a i ) i
N gaﬁ>< 7 (9{")"‘7><
A /\3

l i g I
and  compafible with A doubling - operactor
Z§L° Ai = A4 - Z§4
T3  Zox = X

9f DX is monoidal .
X(Tio, M) = Z(Y)®X(%) + Ole)
. X s COMPWhW with Mﬁ@
m R Qe Y) = A0 R(Y).

€20

1it). Greneval [imi# fwm»da 7fo¥ £- Pommztm’zed 'fan@lzs.

M. S. Chmwtov , S Dughin , J. /Vlos#ovog, "It Ao Uhsiliev Kot Invoriwts . Thm 1937 ¢

R In gt . (PaBal ond {§FaCD}

have gm operad Aructwe . A//Hmtgh

PaB is not C-dinesr . we con hope

ZLe should be extended fo on isomovphism
PN

between  PoB (k) and GRLD s

Ofemls in (- gmp_wl )

Y A nen

¥ VAV

P




$3. Retwn Ao Adinks : Novwmdizhim
Question | :How 4o colculste  fink  numbers ?

£
.S_Jéep__ll‘ 'Embeddinj a link /nice[j’ into Cx Ry
A B : SPU’HIHJ it irto shonls [ojcwlﬁrg ool vodue
| el | =e [ wa g Calcdwfing Kantsevich t'm%r&l o eodh poir
S O’f’ trond
¥ . o g6 ’{ZW Chﬂnj""j wienbodin  and }’ecoyol.}g
chords  om wilson Apops .
[Kontsevich ]~ For ,m'celg' embedded  Aongles T
<, | m WP dz-dE
2T = X(xe) f ). O Dp A -z
#mm(};;m; 'e ?Jf;;wl P-{ &, ZJ’)}
where we sum over ol Ahe set P

# m  poirs of stonds
# of | directim strond in P.

Do are chord dia@mms using Ale #ar@le T as 4 potten
ond  dvaw hovizndsl chads in ﬂ\oy&l@r P ol
tguded a5 on  element in APty /(1T).

P =



Mj— A lcombinatariol) Konsevich invaviont /\Z§ on %—Jtmdlzf T s
extendad lotét Zo on PoB velued in  ACT) Saﬁsfgl'ng,

f\ —
(= +) - +)
O S S
\V4 \/
ond ~ Chmge orienodion
Xgo Si = Si X

UHFFOY’fum/fel\lj, 23 is not a well- olﬂfmeo{ %mnvfay because

zi(w) = # T :zﬁ(])i
N AIREL

N
Noticc Ahat A Aeading  Aenn of is 1, Vs well o(aﬁneo( as
o power ervies and Ao s o Wigue way o write done o squure
Toot of VvV with /{eading Arm 1.



D_g;ﬂ.' A normalized Kontsevich  invaviont Zvi on %')fmdk;ﬂ T s A

extendid by Zs o BB vduad v ATD setisfying v,
—

(- +) = +)

(= +) } 5 (= +)
\/

aﬂd A C}Wfﬂe Oriendgetion v

v

Xgo Si = 5 X

Thm4 ig de{‘meal as above is on isotopy invaniant 014 N {yamea[
oriended %uacl'—ifwylﬂ T.

ﬁ. Sie Xs is  extended from o strict wonoidol fwctor on FoB ond compadibl
w.r 1. dtargmﬁ - oviendatim opeml'mns, we onl% ned Ao show At Zvi is inverot
undey e #’vﬂomng Twaev  oves 7for 7f2mmeal oviended g/#aﬁla.

[N
N



p—

° l%FTo) T 7l 1 | B _‘[‘1 T

U = 1d - 1d

Al mest all l’dmﬁﬁéc can loe Shown ’hivia%d exapt ’fof
i

AR =  This is bg Ahe sgn convendtion, PV /\_ =
-
o (5FT)) N X %’
t- Walking Lemma VAMZ — =
N
Foo ® . nofie Ahat

M Pen#njvn M




. 671 \
G| &

/\/mhcz Ahat , under é@

K] Horge \j S R} :5%@ :gxp(])/l)

(5FT) A\/\\ o ] </\ />
Fo ©, undev Zgz, t J Foor @ . simidar
AESCEN



( Hovl 1)
Thim & éi: { fromed on n-conponent lins}  —> F70O,)

is independent of &

[Le "Mwakami-ohia@kki ]
Thmb  ZCL) s group - dike , i-e., 05 an elament in A (O))
AZL = Z(L) 8 AL,

Cao . Since V%fo\) is a comP‘Wf?A araded Hop{ algebra,
VX (K) = exp (Bk) . with Zx e Prim ( AO)) . which is
o summafion of  Juwobi oh‘admms with connected  unidnvelort

3mphs4

Ore con vead knot  invarionts 70rom coeff/a‘emls n k.



