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Kontsevich Integral

§l . From the simplest example : braiding

Question 1 : How to calculate link numbers ?

-

1k (A. B) := ÉC #HI - #⑦ = 1
.

A i B

Step -1 . The braiding number of a 2- braid .
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step -1
'

.

The braiding numbers of an n - braid .

at

! ? ? 1

Zit,
Zit) Zzlt) 0

. . .

①

3 2 I 0

to] E Tlilconfnlc )/In ) .
the braiding number of the i-th and j-th strands ro

.
Contract

= 2×1-1 Jd d logczilt) - Zjlt) ) -
^

→ Denote formal variables # ij I ki < je n }
, I

2*1-1 So
'
I 1*1
☒ i<jen

tij dlogczict) - Zjctu) )
u

Confnc In

→ Write In i-z-d.in?jentijdlogCZi-Zj ) . o

E R' cconfnccl) . #<jen ① tij )
1*1 = Jg

,

In = So
'
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Question 2 : Why is Sro rn an invariant iv. v. t horizontal

deformations of E×Rt?

Answer : dRn = 0
.

If we write Zft) := exp / Sot r
* Mn )) c- Ñ ( Eigen ① tij )

Zftl = vjhnlz.lt) ( ** ) ( KZ equation )< >

I zfo ) =\
lholonomyw.r.t.tn along 8)

Question 2
'

: When is ZÉ1 ) an invariant iv. v. t horizontal

deformations of E×Rt?
< > By which requirement on rn . ZrH) = 0 it

r is a contractible loop in Confnccl)?
< > When does the following equation

✗ d- rn)
-

W 0
. CKZ equation )

|WlXo) 1
.

has a unique local solution valued in Flaig.sn ① tij )
near Xo s > integrable ?



CKZ connection )

Write 17m¥ d- Rna as a connection on Confnt)
valued in ⇐ iajenlctij .

Answer :
n is a flat connection . I 0

,
i. e.

dRn Rn / Rn
.

Proof for flatness > integrability:
h : I > M

, smooth
,
hlo.SI and hcl.SI constant 7 Plast PH.SI O sa^

<

h
Write h*rn - Pds + Edt

.

Then
I

→
IZ

drn Rn
.
Rn > 8¥ do} [ 8. P]

.

> 5-0
, ,

> +

Denote Zltis) be the unique solution of
jdzOt f '

.

I - ( 0,5 )
.

Hs
.

Then
,

gaz
a- Z [ f. PIZ +8%2dtos

- 8s @ e) dp

I > 8+183 pi ) of / % p - 1
OZ

4 >
os
- p - if 0 Plo,s) ) 0

OZ
1 > osctis ) plt.SIZlt.SI .

When t=l . % ( 1. 5) 0
.



Lem1 .
In Ahn 0 if Ref. D. Bar -Natan .

' 12T relations )
"

On the Vassiliev Knot Invariants !

[ tij , the ] = O.tt#fi.j,k.l3--4.isj , Kel.

+ (4T relations)

[ tij , tik ] = - [tij . tjk ] [ tin , tjk] . It i<j<k

Denote tijk-ltij.tw]

pf .

Write Wij := 2¥ d hog ( Zi -Zj) . Then

In A Rn =iÉn<e tijtre Wijk Wke

i< jin tijk (Wij A Wjk - Wikllwjk Wijk Wik )
+ #¥ÉkN=4 Itij , the] Wij A Wky

0
.

( Arnold 's identity ) Wijlwjk Wij A Wire Wire / Wik 0
.

pf :< > (dzihdzjldzjhdzrldz.ie/ldZi).(Zr-Zi+Zj-ZktZi-Zj ) 0
.



Question 3 : How to write down Zr (1) exp ( fr Rn ) ? Ref : Francis Brown
,

"

Iterated integrals in QFT
.

"

Answer : exp IS? Act) dt)
( Dyson series : iterated integral )
←

: I + µÉ Softie . . - start Attn) Attn)
- . - Alto dti . - dtn

is the unique solution to the following equation
S ddtzlt) Alt) Zltl

,

I 2- ( O) = 1 .

Proof for Dyson series :

- Dyson series converges absolutely for te -10 . -1]
,

n th
fat

. +net
Attn) - - - Altidti - - - dtn ¥13T Als ) n !

.

- ddt ( I +⑤
** ← . - etat Attn) - - - Altildti

-

Alt)foet.e-etn.at/tU-n-.)---ActDdti--.dtn-iAlt)Zlts
.

- Uniqueness is by Picard 's method using successive approximation.



Hence
,

Y
'

Zy (1) µ= ,
2%-1

"J fcir.jn.k-ti-i.nlKinchen}

Ottis - - - EAN fl

dzi
,
- dZj,

tintin " - ti
, ,j, zi , - zj,

A . . . A
dZin-dZjn
Zin -Zjµ

(***)

Degree completion
Deft . The Lie algebra ( Drinfel'd - kohno Lie algebra ) tn is graded Lie algebra with

tn is defined as . degctij ) 1
.

Notice that
.

tn := Freebie ,c< tijl Is icj EN > / (2-1.4-1) .

^ the completions Ultnl and En

are all w.r.it . this degree .

We shall regard Zr (1) valued Ultnl
.

- Ultnl Uanl
.

Example .

t
.
Gta Ultra ) ① Itr]1

.

central element
. Remark

↳ Freebie ① < b-Ritz} ① ( tr -11-13+1-23 )

Ulf, ) ①Etat tis + b-↳ B th't"
↳ free algebra



Magic :

Uttn = Ahc "
"

. . .

"
) > Alki . .!

I 2 N , z n

)
'

( Horizontal chord diagrams
n

tij ~
^

' ^i it ^
a

- - -

-
- - - - - §

, i j n
✗

i j k e i j k l

( 2T - relations )
. . . . . . . . . . . . . . . . . .

tijr ÷ [tijitjk]

i j k f i j k b ^^ ^ ^^ ^

~

i j k i j k

14T - relations )
^ ^ ^

'
n

n . . . n . , . . . n , n . . . n , n . . . ~ . ①
, i j k

i j k i j k i j k i j k

Hence
,
the holonomy Zrtt) is valued in Ahl " " - .

! )
.

I 2 N



In
summary , Det - Lem : For a'nice

'

Hopf algebra H .
g. c-His called group

- like it
In :=

, ?Ej< n tijwij Eric confncfl.tn ) satisfies - ☐ g g ☒ g

' darn = 0
,

- ( Equivalently ) of = exp (X) ,
- Rn Rn 0

. for some *c- Prim ( H) .

> n

'

= d- Rn is a flat connection .

-

he set of group - like elements is a group .

> Given initial data
,
In -W 0 defines a multi valued flat section C Baker - Cambell - Hausdorff) T

W : Confnccl ) > Ahl ?_? , exp ( X) exp (Y ) expCBCHCX.TN .

Whose holonomy defines a functor between groupoid,
I -

- 11,1 Confnccl)) > Fn
z

✗
> W I > z

'
r (1)

> W
,

where Sin is a groupoid with

- 0%181 - Conti as a set
.

"

. {contncaxexpitni-G-nlZ.MYGroup - like elements in Ultnl}

exp ( tn ) .

z

> 8

Remark
.
Especially , we have group homomorphisms.
- : PBN > > expltrn )

Bns > expltn ) In



Example .

Let's go back 2- braids !

t

-

µ
"

o

0 is a path CZiltl.E.lt)) for OETEI .

af 2,101=22111 ,f) a
2210121111,

£iiÑ
"" ÉiÉ

"" \ -10] c- Ba
.

Zoa)
Then

,
£ : ¢2,101,22101)

°
> (2,111,2-211))) I > (12,101%101) > (Ziel ),Zd n%=_ c' Ziff ,# ↳

%
/

I JNJ AN
"

dzilti) dzzlti) r

Zo (1)
'

µ= ,
21T -1

'2

Otta . . - stars ,
i=1

☒ Iti) Zzlt;)

>

1 ? Nizar ti! exp 1%1 REAY " " )
N=1

towever
. if you want to include the information of the objects . Zin -1-0 !

you need to write it as
i. i Ei Ei , : if- i it I

1g
, a

48\ iexpfzt" ) z
. . .
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- . .
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§2. Towards algebraic structures : Compactification Ref : B. Fresse ,
"

Homotopy of operads and Grothendieck

Question 4 : How to make an algebraic theory from this integral ? - Teichmiiller Groups
"

.

Slogan : Algebras come from compactification .

• Adding boundary points to describe how points collide .

" Boundary points give algebraic information .

- Boundary points with highest codimension are purely algebraic.

Step -11
.

- Extending the holonomy functor - onto the compactified
configuration space .

. and restricting it between boundary points with highest
codimension .

Remark
.

Notice that - is invariant iv. v. t.
translations and

dilation over Q , which means that we can replace Contncc) by.
cn( E) := Confnl E) ① R>o .

c.(G) f*}
,
Csi) S ' .



The first non-trivial case is n =3 case .

Write central element.
f-12 1-23

[
f f-12 + f-23 + b-13

,
✗ = zyif , Y= ZTLFI

,21T Fl

Then Ults) ICICI ×
. Y

.
We calculate the multivalued

solution of KZ equation on Cece)
.

£3 - Zz
O=(d Rs)W DW self

, ltizdlog Zz; ?¥, tzsdtogz, -z, 1- cdboglz}-2,1 -

Zz -Zi branch of G-
""" £ " ""

"""

{ > 0 DW ( ✗ dlogz Y dlog ( I - Z) + cdlogczs-Z.HN
< , ✗z,-zjcwj , ¥ + zI, ) ( iz, -z, ,

-

cw,
( logit} -ZD>k

CR G-(Z)
,

Denote W (Zz -E)
°
G-(Z)

rzo k !
Y
) G-(Z) 1*1I > G-

'

(z) ( É z-1

1*1 has three regular singularities at 2=0,1 .co .

a- ← →

OCZCQ) f ZFZZ } 12-2=-23} TZFZ} }
> EP'zTake

U = ①P
'

lo, n ] U [ t.co] .

U is a single - valued branch for Gcz> valued in ① say
.

> Any two non -zero solutions on U are differed by a constant element

in ① ✗
,
Y

.



- Near 2=0.1*3 is in the form 3
.

①

Zddz G X nzifzk) G- 1*01 1.<? 2-→ o

Claim : We have a solution near 2=0 in the form
G-• (2) -1k£,9kZk Z×

, § Golz)

where 9k€ ICKX, TD.

pf.to, I > ¥1k 9k£
"

l
-

l JE, 9k¥ , ✗ I ¥92T + ¥i9rZk) 0 3 ①
J, 2 82 .

I > kgr ad×9r ÉÉY9e Y ! .
I > 9k ladxk )-1911 -1T¥ Gel

.

adx - k is invertible in a x.Y.ie. . § GILZ)

( adx -ki -£, titi!
2
" 3 ①

By this recursion relation
.

we can get 9k
.
FKZI

.

! Z > I

- Near 2=1.1*3 is in the form,
Z 1-Z

Éddz. G- Y - JE, ✗Z
'

G- 1*11

Claim : We have a solution near 2=1 in the form
G. CZ ) +ÉhkltZP ( 1-2)

Y

where the ①KX, TD.



Def 2. The KZ associates is an element in ① << tr
,
ta} >> defined at

§ kz := Glitz) . Golz)
.

1
-

z, Ziti µEE RA CO, 1)

Explanation .

Consider a path Jet in GCQ ) moving from
①

( O , E , 1) to C 0
,
1- E. 1) with Z , and Zz fixed,

-

o e te 1
>
Z

Recall that for any locally
- defined solution W of KZ equation
f defined by kontsevich integral .

W 10, 1- E. 1) Z (B) WC 0
,
E
,
1)
.

Hence

kz Gill- E) 2- ( Ve ) Go (E)

E-
Y
( It ¥, hr Ek)

"

2- ( re ) ( I -1¥, 9nEk ) EX

t.info
,

E-2%9 - ( re ) E2ÉÉ
.

[ ** )

> ☒kzltiz.tn ) are extension of Z between

boundary points of ↳ (E) .

However
, by similar construction , we can write down

( ** ) on Cn (G) ,
th 73

.



Basic properties of 01k£
.

- ☒kzltiz.tn ) is a group
- like ( of course invertible ) element . i. e.

.

1- kz ( ta, tzs ) C- exp ( Freebie < tiz.tn>)↳e×pcÉ ) .

pf : 01k£ Gi
'
Go and G- i. Go are group

- like
.

f-12=0 ton _-tz=O Fzg=o

- Ikzc-UTE.li PBW > 1 c- Jet
, ) .

>

Only constant term survives . f
" " "

f
" "

af
^^

pf : If IX. Y ] = O
,

G , CZ - ✗ if ) Golz, ✗ if ) ZXCI -Z )Y
.

EHEKZI Eat kzl E¥kzl

I 1 1What's more , §kz 10, tzs ) ☒ kzltiz ,
0 ) F-kz 10.0) 1

.

EIQTKZ = Ez§kz = Ez§kz= I C- Ulta)
- Notice that I 23 1 23

t ^ 7 11 11 ^

G-olZ.x.YIG.CI-2.9.x)

OT-kzltiz.tn ) Gil Z.X.TT/GolZ,X-Y) 01k£ KZ

Goltz
, Y.XYG.CI-2,9 ,X )

01k£ ( ta} , b- 12 ) . I 23 1 23

Another proof :

Ékz (1-23,1-12) Ikzltiz.bz} ) &i→Mo+ E-
✗

Zai EY E-Yzz, E× .

at at
→

'

-1%-1
'-

}re01k¥
→

* iiz
Ékz ( tr ,

ta} ) Ikzltzs.tn ) ¥→Mo+E→Zr
,
É E-

✗

Zzz' EY
. | | Jk | | Jail

§Éz = 013k¥ . o e te i
> R↳Qz o e te I

> R↳Qz



2 3 1
" ^^ E is, I

• Hexagon relations 01k£ R

/ 01k¥ ( ZR ) 01k£ R
"

§kz R
"

( Hr )

|l¥ÉzP"/ IR) §É'z RB (§ ,<Éj"R" ( th)
AR ☒KZ

pf . Firstly , CHR) <
"3

> IHL)
, we only need to prove

( Hr) .

01k£ R

Notice that 1 2 3
I 2 3

Zcr, )zck)Zcr, ) Zcri )Zlri)Zcri ) ,

since ri
'
ri' ri

'
ri riri is a null - homotopic loop .

We only need to show that

"

;

"

) him E-É¥z( g.) Eoa%
E→0+

2 R
,

(1)
b-12

Iim E*aZ[ ji)E2ÉÉ
\

E→o+ R
"

,
(2)

b-13

{info, Ekta - ( Nj) E2ÉÉ R
"

.

(3)

They are proved by choosing local solutions
. o ai

+, ,
>zoe.si#Zz-Ziti2

For (2)
,

take TNCZI - Zz , Zz ) LIZ, /Zz , Zz ) ( Zzz,
/ 2*5-1
-

→ holomorphic , and ~CZ5ZÑlasZz→z)

zcri) 9C E. 0,1 ) ( ie )ÉÑ exp ( ti ) É¥É gco, e. 1)
-1 ¥HFor (3)

, similar as (2)
.

#
R
"

.

b-23 f-23 -1

E)*f' expftz" ) E-Hf' h( 0,1- E , 1)For 11 )
,
2182 ) hII I 1- e < ri

>
82

holomorphic . and~CZs-Z.li ( as Zz→Zs) > EPL
LHS of [ 1) exp ( t.jt.tt

"

) exp ( - ¥ ) exp (+122++13) = 2R
.



A ^ ^ ^

^ ^ ^^

← Pentagon relation .
01k£

3§KZ

0201K£
012k¥ ' 2¢

Kz
- §¥z 301k£ IÉKZ

i OIKZ
8-KZ

t

" "" " ""& " """" "" """ " "d """" """""

-

y,_,

,tfor KZ equation on Caco) or Kontsevich integral of 4- strands
.

^ 1-

Eiteiy,
i
" tell-ei

Def } . An associates I is a group
- like invertible element in Al :|

satisfies .

T .
1)
.

E , I = Ez § = Este = 1
,

2)
.
§
- l
= § 321 o ai e i

> Z
o ai e I

> Z

I

3) , ¥234 .

2 § . §
'"

§ .

, §

4). §
" '

( ZR ) § R'3 § R '

?
'

-1hm 2 .

The KZ associates is an associates
.



Algebraic version

If we take Fulton - MacPherson compactification Cnccl)
,
there will be a

decomposition property for dcnccl)
,
which means that

,

U k

C) (MG)
n>kzz.fj.i.ir} Ckllc) ✗

j= ,
Gil ,

where TJ, , - -

i. Jr} is any partition of fi, - - .

. n } .

3. - 4 1. ,-b-o,
3- ''¥0s

g- .
6 2

.
- 2

.so
:

<
5

,
- 03

< <

.
1

.
codim =3 . 10 . codim -_4

3 4 I b 3 4

5 b
z 5

a,
I ¥

I

03
02

01

Boundary points with highest codimension is just a binary tree with

labelling information on leaves and angles information on nodes .



Require all the marked points staying on Rose ⇒ oi-o.fi
.

We get a subgroupoid PaBn of Ticcncc) ) with

' Obj . Parenthesized words of ft, - - in } .
Pan

' Mor . Parenthesized braids
.

Deft . The groupoid by putting all PaBn together with an obvious monoidal structure
is called the monoidal groupoid of parenthesized braids and is denoted PAB .

This is a submonoidal category of q
-tangles .

12 1) 3 I 2

Example
^^ '' r ^

"Iii f)

¥51
2 ( I 3) 2 1 2 11 3) 15 4)

9 c- PAB} re Paba 9×08 C- PaBs
.

Notice that we can extend the holonomy functor Z onto PAB

by the KZ associates . However , we also need to define the target
groupoid of Z .



We get another groupoid G-PaCDn by changing the morphism sets with

group
- like elements in Attn) ~ Ahlin) . i.e. , in 8-PaCDn

' Obj . Parenthesized words of ft, - - in } .
Pan

' Mor . Group- like elements in Ultn) .

Def5 .
The groupoid by putting all G- Pack together with an obvious monoidal structure

is called the monoidal groupoid of parenthesized chord diagrams and is denoted .

by GPACD .

I 2

example
'-

;
" '± "

R

2 ( I 3) 2 1 12 ( I 3 )) (5 4)

Then the holonomy functor defined a functor
Z : Pats > 8PaCD

,

which is called the Kontsevich integral on PAB
.

This is a purely algebraic object, we can give it another definition .



Defb . Alcombinatorial ) Kontsevich integral ZE is a functor defined on PAB Rem
.

In fact , fPaBn } and 18PaCDN}

and valued in 8PaCD . identical on objects and generated by have an operad structure . Although
i. Him in :') I PAB is not G- linear

.
we can hope

> ☒ it? > (E-1) idk §kJi ' § should be extended to an isomorphism
between PABCK) and 8PaCD as

( i j ) k i ljk)

°
É ni

0¥
' Ii operads in G- Groupoid .

> RIJ . > (Rt ) " .

I j
i j i g-

i j

and compatible with the doubting operator
Zeo i i ° ZE

.

A

Thm3 . ZIKZ '
-

pf.DZ is monoidal
.

81 82 KEI
ZCT,

✗ era ) ZCJ, ) ④ £1k ) + OLE )
.

O
'

e te I >
z

iii. Z is compatible with doubling .

Hm ZC i. e 8) i 2- (8) .

^
i i

'

E→o

iii. General limit formula for e- parameterized tangles .

Y

y
r ☐ i. er

Ref . 5. Chmutov
, S . Duzhin

,
J

. Mostovoy .
"

Intro
.

to Vassiliev Knot Invariants
"

.

-1hm 10.3 -
7.

☐

-
- '

i ti . > z



§3
.
Return to links : Normalization

Question 1 : How to calculate link numbers ?

at

53✗ ✗ s. Step -111
.

. Embedding a link
'

nicely
'

into ① ✗ Rt

A B . Splitting it into strands by cutting critical value
1 A \ V

zit, win ziti wits
' Calculating Kontsevioh integral for each pair

• of strand
S ,

so
-

"

±
"

for changing orientation and recording
chords on Wilson loops .

[ kontsevich ] For
"

nicely
'

embedded tangles T
.

is
m

dzj - dzj
ZIT) :=m¥f, )m f

'

l- 1)
""

DP
j= , zj -zj

tminttmc . - - <titmax F- fczj,Zjl}
tj are not critical

where we sum over all the set P of m pairs of strands
IP = # of t direction strand in P

.

Dp are chord diagrams using the tangle T as the pattern
and draw horizontal chords in the order of P and

regarded as an element in ATPatten /IIT) .



Def? A kombinatorial) Kontsevich invariant ZE on G- tangles. T is

extended by ZE on PAB valued in AYT) satisfying .
v v

C- + )

" >

1- t )

1- I ) I >
I - I'

and
→ change orientation

ZE ° Si Si °Z§
.

Unfortunately , Ze is not a well- defined functor because
''

n

Zel
"

1 YE /
"

= Z§l
"

)
.

- I
^

Let v Zel
"

I C- AT " )
"

n

Notice that the leading term of 89 is 1
.
V is well defined as

a power series and there is a unique way to write done a square
root of V with leading term 1

.



Deft.
'

A normalized Kontsevich invariant Éot on G- tangles. T is
^

"
"

520
" 52¥ 52¥

extended by ZE on PAB valued in AGT) satisfying
✓ V42

C- + )

" >

I + )

1- I ) I >
1- t)

¥2

and
u → change orientation ✓

ZE ° Si Si °Z§
.

Thm4.ie defined as above is an isotopy invariant of a framed
oriented quasi - tangle T .

pf . Since ie is extended from a strict monoidal functor on PAB
,
and compatible

w . r. t . changing - orientation operations . we only need to show that ¥ is invariant

under the following Turaev moves for framed oriented g-tangles .

- (GFT, )
" ^

"

£§
,

"

g,§VY
^ v1

,

"
^

5201

✓V2 ✓V2



- 18-1=-101 T Id Id
T
'

1- Id
T

Id
T

'

-1
Id

1-
Id >

Almost all identities can be shown trivially . except for
ATI" " "

*¥
.

This is by the sign convention .
✓ r=0

.

II. 1,1 x si

SV's
^

. (QFT, )
" ^

" "

VI
"

O
^

②
g.§

,
ÉE

> sit

✓V2 SV's

^ ^

For ①
,

"

Vi
"

Walking lemma
Ñ"

V "

52¥ 52¥

its
µ.

II.

For ②
.

notice that

sv
'"

Sv
"

Pentagon
y y

g.§
! sv"

SV's

v v

v v



^

a ^

. (9-1--14)

Notice that
.

under ÉE

a Hexagon
^

EiR=0
n n

Eo ?⃝ expl 2)

and dually ,
^

✗

✗ expl 2)

181=-15 ) ^
③

"

④
t

v . .

Ñ
.
A

For :O .
under É§

,

, a

Fa ④ .
similar

Hexagon
\

V v v



( Hard ! )

-1hm 5 É§ : f framed on n - component links } > off < n )
is independent of §

.
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One can read knot invariants from coefficients in ZK .


