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Recall. . B& Y‘I;jl'd“’tg Of T ond \/ec?#i, 0 n o
We  haye o(q“md he r@;’d stk mayoidal categery determined bg o poir af Nbomorphisms,
(T, 0, &) o eguivslert  clases of ( oriended ) Horgls o{,F oW =T

ard Aheiv olffonce po<p - il VSV sufics
w. R-(pojp) = (pop) - R*
b T CR* - GdOW) = idy
9} (Iolf)’b'omd@ﬂ) o (Re1)* o Cid Op) = ilysid:
. Opema‘ov invaviasts  of itwyllj are rgjmted as " "
strid monoidal fwdm,
Q= Quuwngiih: T — Wy

o Invarionts of dis  con be  yecovered fﬂm

- vy
TRVAR # operodur  invoviants af targ(zs Via
(/\') vev T Qv,v*,R,ot,p( L) de) = FV/R,/A( L),
S, ;
al /N\)=F  al\/)-
vw
Vv w



Rem .

0 In fad. we cnt dfie QT — Vect diretly ,  because
Vet is not ctict! Howewr. we hae o so-alld Moclone's
strickfiation Adoen , which saps A,

Each  Cnon-strict)  monoidal culegay s monoicel  eguivalewt Ao a  strict
monoidel, ~ categury.
Hee, we hawe o stridt monoidsl calegary Vedt,,
. Obd.: [n], neds,, =10l
Mor - Vet (Imd . In1) = Mg, (K.

- ® : [nleiml=[mnl  AoR = [058)
Krone cher PWM

— +
However,  #here is o canopicdd embeaH/ng. Vectr. > Veckic.,

vie [nl — K'. which is a monoidol egwl/alence‘
Hence , our operator inveriaths  ave Hdmd b\'j stict monoidel 7de0¥,

Vect

2

, V1
Vedk

Q
and . up 4o monoidal isomarphisms , Q onl\tf Jlfends on a'iwI;V',

R, p.

i), Quesfion by ‘5""&]"." o Does ke poir Ca, B2 cortain
Mae  infarmation  Ahon # L
IM : Up Ao monojdal e;u[wzlena, Mo!
o movoidal, netwol mahism 1 Qvvr,R.ikop —— Byw R wp
generaded by {% = idv V-V
1= o VoW

1 is o nturl somaphisn by e vigidity  conclition.



Aim_Aor Aoday Provile & ‘woe natwd ~ constructon

’on Operafor  invariants of ( coloved / framed ) 75arylej Vie
Yibbon HoHl dﬁebm;. =—> Reshetikhin - Turaev  invayiand

Question W/lg do we reed  rvibbm Hopt a{jtbms /

. ReF,iL(H) is a ribhem cw‘ejpg /7‘ H s a rbbm
Ho# algebra.

Combine the pbove Awo V' vibbm Haff agebm H,
17 ELICIN ReFT;(H)

N

Vot
st. F<Q is an a’wm#w inveriomt  0s béfv@‘

Olthine

7 . categay 0{ framl Aamgles . is @ free ribbm

calegory Which means etV rilbn caegeny € and Vel
#7 L85 ¢

st Qis a boided wonoidal 7fuwfo¥, and.
A= V-

8. Momoidsl adf?on'cs and.  manoidal fmdm‘f
2. Bmidir(lj, dﬁ(dty and pivet
85, Ribbm cwfe\gord and orerw/or nvayiams



S1. Manoidal cm‘egm’es and monoiddl ﬁna‘m

MI C Monoidsl wf@anés)

A monoids cateqary (or say. o Feror ca#%) is
@ sextuple t,e, 1, a 4 r) wms:’sa‘/h(j 47‘
e a adfyog L.
* o bifmctr &: CxC — T, s easor Produd,
*owm opet LeC, e unt objedt,

(-6-)o-— -0(-8-),

@ nofwal isomoyphism Q.
Ahe  ossociator consiraint .
nwtwol isomarphins 1 1® - —> idg , r--®] = ilg,
Ahe  unit  costramts .
Sa’fbfjl‘rg 1he 7foﬂovw'rg Ano oxioms

. (Fen#gan axiom) FUV.W.Xel

Z

Oyaoiby, A VB VOWRX wj
= Ue(Vew)eX)
(UeV)ew)sX L et
¢ Ue(Ve(WeX)
A v,w,x (Uel)o(We)) — )

U, V,Wex

. (wmnj/e axiom) Y Vwe(g,
Q1w

(Ve llew —————— Ve (l&w)

.(V@MN /MV®{W
Veow

Sl

D (€= Vet , 8§, k), waedq ﬂf veclr spaces over o ficld k
is o monoidd citegeny.
Vice > Ve, . subcslgons of fuite dimensinal vectr s

2). (€= Rep(@. B, K), caz‘ﬁv\'y of  vepresatation of & group G
Cie., subcoleqry of Wk . whog ohjeds ae K ~modules with

K& - module  homomaphisns betwun ko os movphions )
Motice Ahat. Ak G-action om Fensor producs is alq‘ml o5,
J(vew) = Jvegw  Vaeh, veV, wel, | Wekp )
ond ke is viwed o5 o Anvial vepresentatin of G
g > = X V $66, Ak,



3) In 7fad any cm‘ﬁayg € with 7finHe (CD)P'MM‘S is a monoidal, _[t_ VVv,We RLP*(B), VveV, weW, beB. ddin the actim af b on VWW@

caa‘cdwg, >for example , b&wew) = X by, V& b w
° {S_’t X,{’}) , (Sﬁ, L, &) Here, Ab = z‘m)®bm is 4 Sweedler notoction -

- (Ge. X, 0), (G x.<D) Dfne A actim of b on K by,
o (Ab. x, <1>), (Ab, ®, ) b. A = b .

Ve W K

Vew [
4), In ﬂw/ml, ’fw ony 2—@#@0:3 € od ony clﬂ’wf Cet, _ > E;] B E;@
(EndeCO), o, @) is a maoidd wfﬂwz Ifl’]I;:I '
For example f: C_af > D, EM(D) is Ahe w‘egq Vew vew " )
Of all ewbzfv.nofwx ( &nd(D), -, Id))) is & wonoidd]

Aundfor. *Ais on dycbra howamaphisn & VoW is a B-mod
*(Aeid)eas (0a)a & Myyw (Ve VIOW— Ue(VoW) is B-equierit
*(god)raz=(doeeyca-id = dy: keVo>V and ¥y VOV
is B eguivariant:
Popl2 (B .m.a.n2) bea bialgebra oer K, Ahon O

CRepiB). & K) is a monoidd cm‘cgwg Heve, Rep,(B)
is A colgay «f oll k- tepyesuntation f B, rcgardld as a  Rem 51’m4‘[tzvlﬂ / Reri(B) , ““*{7”2’{ of inte dimensivol k- represcwtudion
subcalegory mf Vet . of o biolgebra B, is olso o monoidal cstegony.



D13 A monoidal cﬁ{x}wg cCe.l a4 1) s alld (T, ® 1)  4u tangle cuegory
. Ok] Aol oudered st Of "+ coloved Pons

stridt ij‘ a.4 v ae oll /du#lg, maps. .
(. A={+.-.+} B=1- + +}
Example. * Mo - cquintt dosss of orgec, [T € T(A.B) ¢
. Vecw s(M=A ., 4T)=B
* L idwlity okied gien byt ewply st I- ]

. Obd. - [n], nen,, 7=1[0ol

o Mo Voo (Imd . I0]) = My, (K).
® : [nleim]= [mn] A®B Kyonecker Pyadud
- - ; UT)

. Ob\]'.r [n], ned,, 7=1[0l
© Moo B(Iml.[nl)

B. it m=n
elst

$CT)

2. % e braid ok ,-J/
i \\\ T

]
f—J\——\
©

® : [n]®[m]= [mtn]



DAT ke Soned Jomle ca#gm%
e Ok] ol gidered st 0]‘ * - colped Poun‘s

* Mo - eguivelent clusses mf 7501\3{1;3 with H“d‘b"“”l {/m"? @

(TIefT(A.B) #«T=A . 4T)=B
c I rduiﬁg lued given bj Ahe emﬂg set

<

+ -

Notic  Ahat fov memld 7501/!521 ,
@ = S #
g ! 1

However,

AT AN
777
ALY

AN\
77

ALY SN

. 1 1

- Fromed im‘gbzs = #aryles +{# o Aull twist of each
T component I3

NN

o {fumd Aanglos § {itmyle, dceymsyso# wy o R
e%m'valencc Framed Riedemeister moves
K1) CRT o[ R

(4RD) \
o |
@1




Rem.  Since we onlj we  blackboard frarm'rg;, ol Ahe I% |4 (monoidel functar )
Awists  are 4‘n#ejers, which  mems  Anat 7fram€d 0.A monoidel #uncz‘w Arom (€, & I¢. a1t ) 4

#Mjles with  “helf Awisted compontyts e not incluclel. (D, &, Ip, 0, {2, V'b) is a z/‘riple (F,J), <
F: £ — D S Q funday, such ot F(Ic)< Ip.

\Lj LE J/% Qg ° J  F8F) —>F(-%-)is o natucd isomorphism , safisfigs
\\ T ‘ T (monoidsd ~ stvucture axiom )

(Fuie,Fv)) & Fow) 2ex®4s F(17g, 1) 8, Fow)

). Colored [ framed ) Aongles cotegony , C-T ( CAT). D J/ T l
Gien o Finite set C, f Sg of colo‘zliy.j C-T omish o TR o
o Ok : fotal oulewd st of  Cx12) - coload points FU) B (F(V)@FW)) F (Vg Vg W)
¢ War. : e%wvalmi classes mf €~ colored megkf, s. %, idﬁw% JU/V l Haﬁv,w) l
each component s ws{gnd a color in C ond
colors of intervols ore compatile with cola of boamlay FU) & (F( Vo, W) Toven F(U® (Ve W)
oinfs . ot
P Lol LU 2 A monoidal 7funa‘0Y (F.J) is colled stnct 1'72

J is o idrtiy mp. e, YUVe Z,

K Q / HU®. V) = F(U) & H).
\ % (F,J) is colled a monoidal eguivalence, i F is an
TR T D)

egui valence  betwen caz‘g_qanex.




4. A moroidal, nhwrel worphism 7+ (F, J") =(FJ) 0 Uede > Vedp

between monoidl functors from (€, ®, Iy, a* (° ) il — K

10 (D. 9%  Ip, o, 177 A) s a nadunb W)})htm This inclusin is  indeed 0 monoidal egww&nca

UE F — F such Ak ’116 is on isomarphism gnd

Thmls (Macave dricness Aeoem)

EY1T) 8 = VU%)? 2 ® ~2 . . . .
F'(U) 8 Flv) 22X FU) &, FV) A“ﬂ Monoidal, aﬁﬂrxg is mono»da/lg euinlert 1o o
Jor L J;,Vl strick monoidal coeqoy.

F(US, V) —hmr s Pye, V)

Example
D Fogdful Aunctos g
F:Rep (B) — Vect «
R/ZP,:E(B) — Vet

2). C-4+7] —— 7 ’f”ﬁ“ oolors Corol-b [ MacLane coherence a%forem)
T —— 1T foget  framing Spme 4.3 U=V are Awo isomorphions  genented by
| o RN T assocn‘a;h‘w‘»fg and unit conshads , Aheir iverses and iderdv‘f}j movphim

via. composiion ond Aensor product, Aum £ =7



§2. Byaia[ing , oluwli)tg and_pivot

D21
0. For a monvidal cm‘ejarg (t¢,e, 1 a, 1 r)

a braiding is @ natural isomophism € - 8- — -0 safifle
( hexa}jon oXioms ). VYU. V. W et

(UeV)ow =22 (Vol)ow _
Qv.vw / \/av,u,w
Ue(Vew) Ve(UJeW) T R B
Cu, vow \\, a / e Cyw - \
(Vew)e —LW.D, Ve(wey) 2). A monoidsl cwfeng with Qo lomiaf[n@ is called e
bra[M monoio(ﬁd Cﬂf@my

To(Vow) 225 1refiyey)

0y w / N owy 2. A byaip(r'ng C i called symmtyic lf
(Uel) O W (Vew) oV Cw.v = Cra)”
Cvev,w \/ ./ Cuwoidy A braidel monoidpl cw‘ejovg wHR @ Symmglyc

We(UsV) Lres, (Wel) oV bmii»‘ng s colled Sytmglric oo ol f/@oy.



Prop 2.2
. It e braided monoidel cotegony s stigt. Aen e

Hexagon  axioms ~ can be rweduced 4o eguations.

Cvovw = (Cyweily) * Cidy e Cyw)
Cy vow = ( idy ®Cyw) ° CCuy @ dw)

2), By e naa‘umliz‘; 4 ¢ -o- — o'
VFeCU.U), e £(V., W), ’ﬂl#‘bwmg eﬁuﬂon holds

(Jet)e Cuy, = Cuw-Cfe))
% N
f | -
! A !

3). Combine Hexagm axioms , coherence fherem ond 2). . we hawe
(Vo) oW ~“¥—Tel[oW) — I oWjoy
vadw ,dv@tw ‘tw®"4r

Cv1®idy G VoW M)W@V O w, v

1
% iy VW lww\

(I®V)®W %IQ(V-@W) i@ Cvw I@(‘W@W

~ (yr 0w
= (VG’I)@V\T—’(IW)@W

Yy ®idy / 1y® gy
! \ VoW
= Cvr = vty
In cags € iv shict, Cyv1 =idv.
b It ¢ is a buiding, un o corugot T dfind by
Cvw = (o) VOW —WeV
is onother braiding.  C=C ¢f it ymneric



5). Combine Awp Hequan oxioms and Mwaiﬁﬁ of c.
(VeU)o — VolU @W)%(@ Cow

CU,VW
Ve(W o)

(VeVoW
Cuvw
Ue(VoW) P (vow) o/
iy ®CV,WJ/ l Cvw @ iy
- _ Cywev
Ue(wel) ——= (We W)

e

(Uew)eV we Vo)
Cu,w@’m /I'IJW@CU,V
(Wey) oV — Welpl/)

In cases ﬁ is shick, we hawe

(Crw @idy) < (idv @ Cuw) ° ( Cov® idw)
=(idw®Cyv): (Cypwe®idy) - ¢ Wy e Cow)

’r (\W

A\

|
W
Lt

Example.
). Ang monoidel degary  orises fmn Aiite (opprducts i natuully

a gmm#n‘c monoidal wegory

2). \Vede is a symmedric monoidal wfg’y with a bmfdt'g,
l;;” Vew — Wey
However,  Rep (B) Hor a bt'afjebra B is not symmaric i
5encrall The restrichim of T in Rep, (B) is dlfived
it B is cocommufptive.



vop23. S, T, 1T, C-T. C*Toe db strit braded  We can show Ahat

monoidal cafejwie& ). C is natwal.
_]Zf_. We prove it 7fw T, othas ae smilar. \ T 11
For any Aotel oudbed sels of < pois, A and B =< roen | LT '

defie  Ca.e Ao be e eguilent clan of a Fongle T w — Kj\% =
A

T 2. C is o netwel ismaphion
(CA,B)-' is olz,fl'wi % rePlac('rg oll % m CgA Lg /\‘< .

o =N
)|
8

1 .
Cag° (CA,3)44R:> idg ® ‘dA = BeA
* Orientation fov each stond is  defermined 17 Ahe Coals Cog &S a0 iy = idmor.
sign af fs. Joundory _poinds 3 ¢ alifis Hoagm axioms

FWAZ‘:A”KPJWWS shove we . y//\\ //
Aoa A RN W

—>




Prop 24 Lt B be a bia@ebm, Repy (B) is
e bwidd monoidil “*‘EM ,# B dllows a 5“”‘”"””‘&“‘"’
styucture .

_ﬁ_ . ‘Iﬂf']mff_

(B R)is o %umi—#nanjular b;‘a/ﬁdam, Zhen
YV, WeE &PIKCB) , def{ne a K-linar map

- VoW — wevy

voew ——XZ%we Ry

p = )Z ) (2). I ] o,
Here Qw - RVe R N graph'c expresion

Cv.w

— Cyuw
Veow

Ohe con show 2t -

. Cvw is B'e?uivan'mt, = T(ab)R =R ab
Gowlb(vew)) = T Q¥ pw © R®ba.V

=X L(l) Q»-V\f ® ba, R(|)~\f

= b [Cv,w(ww)) .

2). Cyw is an isomophisn . <= ®R is invertible.

(Cv,w)_,i W®V = V®W
wov H—XR)ve Q)" w
Heve . 92—|V:®Z X ‘)U) @@—;)v.). In grophic expresion,
= ( Cv,w)vl.

wevV

—5- — —oF-

2). C: s ntwal, .
H C Swh‘j[es Hexajm axioms . < { (2®i)R=R,Ray

CE&QA) R:Ru R
V& wey

V & (Weu)

Q p—

-]

(UeV) @ W (UoV) © w
Hence . Repe(B) hay a broiding ¢ on i




oy f
C:-0- — —-8®"— g4 brmdﬂg on Refk(B) Zthen
since B € Rep(B), olfine

R = T(CGeimed))c BaB

O con show Ahat -
D, Rois ivertible. <= Cag is nvardible.

R = T (Cgp) o)) e Bof

2. YbeB Tlab)R = Q'AEGJ Cab is Brepuiariont .

C is mefurah.
Dq“fm Re: B —R Then Ry is B-esu[van‘an:t.
b —bb
Tlab) R = T( b Cae (TD&NW))

= T(Ceg(2b))
= T(Ceg (Row(1) ® Ruoflit)))
= (Rew @ Ri) ( T ( Cog ()@ 0)))
= R b

3).{%® DR = Ry Re

o { Hexci?on QXIOWS.

Cid QQ)R = 9!3 Ru c s VlaihAYﬁ‘/
Metic that 4 B = BOB s B -eguiarint.
(a9 id)R
(A®id)-T(Cg (N(1)en(1))

T(Coong = ( 2 @ id )((1) (1)

T( Coon.g (11110711 0 (1)

T( Qppge(Cosoid) Qzppe ‘“’Css)”(l)@('f(l)W](ll)»

(QBM (Cegoid) (ZMLeRIe R ))
X T Opppe(Conoid)e(tid @ R0 Ree) (1011 07(1) @ (1)
X T((Rawe(id®Ree) - Qggpe(Cosoid)(](1e(1)e (1))
X 'C((RQ‘;’ @(id®Rouwl) (R 8(Q. @ ’](1))))

= Z7(R¥R7e (20 R"))

R Ra

The other one is similor. o



Rem 2). Byaidd monoidel unctors between Symmatric monoidel
: f
D I Ree(B) s weplaced by RepeB), e colegores  ave  colled  symmetric monojdod functor
"I “purt still holds ; byt " Only o~ part  doesn’s

holds i geneml. Rem_
Bg Maclane strictness Aheoyem ,  each  braida] monoidal cateqoy
2). We el guasia‘n‘anjular biagebm (B8.R) s egmvalm# 4o a strict ore Ly & braided monoidpl epuioloz.

triangulor if RuR =N @) Then
(B, R) s 7fn'a/gu[ar iff ;er,k(B) s Sjmmv/w‘c. M R is o free stid  braided monoidal wegony genersied
bg one object T11 and  one mophion , ke braiding Ccaea . In other
wods ,  for any strict braided wmonoidsl calegny £ ond oy V€ (©,
D_e&? Let € ond D be baided wonoidsl categaries. Yo exisls a wnigue st byl monoidal Hunctor
. A monoided Afuncr (F1)+ € =0 is called Q B—T
o braided monoidsl functer o VVWEL, such Aot Q(111) = V.

P\
FOV) 8 FCW) —E0E85 Ty 8y FCV)

Jow J Juy Ren
reck) Similor a5 B we can consider J bg rcplaa’rg Bn
F( V ®f W) VW F[W @ﬁ V) S\ymm#n’c SIDMP Sn Th(n :r is @ 7/;”‘ i eym»a#m

monoidal cotegory.



Def2.7. Lt (£,8 1 a, 4 r) be a monoidsl coegoy ,
|)~fwonobu’ed Xet, X'e€ is clled a vight dua(ofx
wifh o right evaluation wophism evx - X ‘ex— 1,
and @ vight coevaluation mgph[sm wev: [ — XoX', i
X —= X

We"x@"dxj/ Tidx@og(
(e XY — Xeo(X'0))
Oy x4 x
v ldx’ v

X' — X

idyv @ coe\%l 0% ® idye

XefxeX)———({'aX)o)"
0 xx.x - o

2).favanokjed Xet, X et is clled a *{lf/f dual ofX
with o |t evalustion  worphism ev - X oY — I,
ond o ﬁ(f coevaluation yarphism ycoev = [ — XeX iq

idx

X — X
[JX@X(.WV L er @id;(
Xoox) —(X k) eX
0 x5, x

vX ld'ﬁ( VX

Soeve /de T "dvx @ e
v. v
(Xox)aX —— Xe(Xe'x
Jx by, x% , /
v v
VAN
VCV V(VCV

2) € is called Yljha‘ / {4# r@fd , i ead o@(ﬁf in
hos o vight /Heft dudk . and 15 colled yigid, if
T s both right and Lefa‘ r{f{d



Exomple

1. Madi is  vigid . VVE Ved/i/
V'=V=V*= Hm (V. K).

- e (Fov)=ev(vef) =t Pvelfe)”

*  (0evy (N :)[:]\\ﬁ oV s V) = ?: AV
VACK.  Hore Titisa basi of V., 1 is #he
olud  basis.

2). 7 %7 C’j— C‘{I s Y@l\d4

Al Gtzed A6 60
A€, & 6r 6 Nl-G-GataE)

oev

£V At
o Cied+, -}, orienfatim Of eoch styond 15 determind
bg boundovg poits

* For any objea‘ A, A= \//‘\

Prop 2.8

let H be o Hopf oo owr K. Thn  Rpi(H) is o

vight vgid  wonoidol. category . Expeciolly, if A ardipode S of H
is inverdible , Ahen RerI[H ) s rg;’d.

b VVe l?epi(H), ddkg V' = V" We wil show Hhat,

. Viis «@ Hmd. €< Sis on am‘zhom«»;ohrsm.
The H-adion on V™ is dt/{m as, VheH, eV yveV
h fw= fCstv. v)

2). evy and coevy are H —gfw\/aym;tA: M-(SBid)e 2= ) g
MeCid ®S)-A = TDE

sVheH. eV, vell,

heve (fov) = tdoeydev) = evylem fov)
= f(ith)v) = 0 Sthy) k. V) = ey hy F 0 hy,v)
= evy ( h.(fov))
e VheH, Nelk,

h e tn) = h (AVioV) = X by Vi®hy'
= o) @ [stho) ), V¢ = A (hew Stho). )y VoVt = £(h) wer, ) .



In caes whee S is invertible, ) mTo(STeid)e s =10)¢,
{m“"acid@f)ezs:w)z,

V= V" with H-actin

ht = f(5mw)

one con show Ahat evond -Co&¥ gye H - eguivariardt.
O

Hence.  difine

G‘rarhi( (}f

[

h
|

,V V

— Sth),

VY v

VV v.v.
[

| = Sth),

h
1
v ‘v

Rem.
The Statemunt aboe can viewdd as MJ(L of‘ Tomakian

duality. The ofter half is also A when H s Aine
dinsimol via  Tonnaka. - Kiein vz construction methad.



Pop29  Let € and D be deftCmp. ryhf)ng/d monojdl m,z_.w_ (£.9.1. a4.7) |s 14{ (yfg,;_ @w rgid,
cm‘gma, (FILCEI)E—=D be monoidd /‘funofm Hhen ") (rcs,), —)):ct.o.l,atr)— (el 0,1rl)
D, VVeL, Aot Crp. naht) dul is wigue up 4o isomophisn giwes @ monoidal fundlor
2. yvet. FOV) Crp F(V)) i Aeft Crep. right) i Lt T odiote A Correspondmj functor . Difine

V-

dudl of FCV), W r v
3. N (FJ)—(F.J) s a monoidal neul maphism , S = fd)e fqr(VV'VW).
Then 1 is o monoidal viotural, isomorphism. v v L
oo (/\A m Thn  Flidy) = m

v V0 FV) & ) et F(VeV) m = Fe)<Ry)

HﬁV) l,_( 7{/) _‘L}I-D
Hence. Fis o functor D@/ﬁ‘m

= v

Fn<®Y I Y, FLy) Fao) H Ve V) oy Y(vew)
Jren Fap), FC'V 8V ) T = Jow = w
| : { V(Vova VWOVV'

Here ¢ F(Ig) = 1In is o cmonical isomayphism.

. VVet, dfim ) Che con show Ahat -
0. J is a nefual isewovphin
e - 2 (F1) safisfies monoidsl stuctre axion.

Flv) O ) FI) =T<=1. O



D_ff 20 Let € be a rlghzt vigid  monoidal caegory, . pivotal, shucture fxamg'l.
on € is a monoidal natwal isomorphism - Ide —— ()" Suh a 1. Vcdi is Pl'vw{al with Wit v — (feV"— fw)

paiv (€, w) is caled a pivstdl caleqoy. 2. TATCT.CAT e o pivotal with he iderdy natwal
morphism as o pivotal  structuve.
Pop 212 Every pivotal category is {eft rigid, whose Aeft and vight - dluals

coincide.
7 We won dl.fml V& ad e, T yV e, as folws,
T T e N L N Rem
= V Notice Ahat far a pivotal wfqovz , e pirotal stuctwe m‘ﬁ}u‘ ot
. v be unigue !
o - ] Coevy Ve 7V i@ Wy Ter
v vV Vv
=
VVV
One con show hat Dt 215 ( Pivotal Hopf olgebr)
(Vv:-»VV, vev. T,(:oel/) Gies o {eff dual , ?rov examl)l[ : A pivdd Hopf aljebm is a Hon ay{bm H vwith ar element g€ H. such ot

- - v * 9 3muf/ﬂh, e, AJ=Jed,

.

N === ] TS 3 kg dhen (s almost contral )
"

v v v v



For a Hopf algebrn H, Reﬁf(H) is pivotel it His piveta.
o VVeRpL(H) . dfiw wy= o7 o (3). whee g is
o pivatel elemert in H and wy : v > (el — Fo)
Ohe can check #hat -
. Wy is H-eguvariant . <= Sh = 3hi" vheH.
VeV #e V" Wy (hov)if) = wy'( Jh. v)it) = F 03 v)
= St (§v)= w(9.v) (SWF) = h Wy (v) (f)

TS e U v s
N -
“ -—
=] = = [3] =
v v v v
_ w
2. Wy s a netua l‘samaylnhx;(m From l‘[ﬂtnicﬁ) to (-).
*x A% i e sz
1 €
m = ~ ~ —~
- N -
v v -
¥ ae £ (V. W),

Wi = 9y (W= 1s) -lw)

V. Wy s mopoidel <= 9 is \71m1>l¢'/<e

Wyew = chr’;"w'(j-) = WT%WU”J)
= (wy (3))e (Wi - (§)) = Wye Wy

Rom
In coses whore H is Sfinide dimensionel, the converse stodement
aso holds. We con define a pivet in H by
3= wy () eH.

One con show hat

W3 i quuplike,

A= AW o wy (10) = (W)™ wpal A10) = (When) ' Whon (021)

=( (@i wiC1a)) e [wip) - wy cw) = J8g
2. Sty = gh ., VheH
Sty = (St )W) ™ wylw) =

(¢

()= (h) - wy C10) = (o

= (W) wh e ReID) = Rue W) e wh ) = 9k

)ﬂ. Wy h)



frop 216 Fvery vight vigid  byaided monoidal caz‘gt;wy (C.c) carries
. If coe yﬂﬂj’lc

wo  natural i:omrlphism uvt e = ()"
u=v gives a pivetal stucture.

AT
U= V s ‘[

4414

v v

Ore can show Ahat -

- ~ 0
Do gy = idy = VvV ety idy

v

L/ﬂ&

<

2). Uand V' o vatwal

ﬁﬂ%%ﬁ

Morveover . bg o&fmwﬁm uww is given asfoﬂow&

v a w
Jow © (Uvolty) va G <

rolall

Vw V vv VW
yte £ (W, V),

v"‘@w“’

AR

Tow”

?@J



Pop 216 If (H,R) is o guasi-triangdor Hopf olem.

Then Ahe natural isomoyphisms  w. v - Iyt = (=)
dlf{rud as obove we induced by Ahe oction of Drinfeld
demerts U =ESR¥RY | v' =X SRR ie.

VVeE Rq):(H), Uy = Wie (U and Vi =wy (v

g Vel teV’

U (f) = RV (R e) = F(SXRe)
= wy (ue d).
ey d) = SR (R7e)= 18R e)

= wy (vie)d).

Question < How 4o modsfy w awd v™ indo o pivetal structure?
Tdea - Shu=Uh . VS$h = hv  VheH
{ AUz (Ul IR, av’ = vovhHRR
A cmdidle for o pint is o bolence o wond v,
ie., an clemert § = w07 = v'G, such Andk 8 is central
od A0 = (6960 R'R. = Yibbon element.

Eguivolently. for o vigt ygid braided  woroidl - category L.c)
to make it pivotel, we weed Ao bolonce U ond V.
Netice Ahat,

Ahe natwal  isomarphisn 6 - ¢ —=1dg 49 balance  and v°
should be a spuave Yoot a{ an
—— ibbon cajegavg_

, which (s o 1-Awisd



§3. Ribbon ca#ejm'e; and operedtoy_inveriants

l_)q‘il_ Let (€0, La tv.c) be a brided monidel caiegory

0. A Awist is a natued  isomevphism

* DByew = (Byo Gu)- Cv;l,v ° Cv:.lw

(€, c) with a Amist O is called o balmee monoidal wegory.

2). I’f (€.c. 6) is aso n\'gk/f 7{71’0!, oand VVEL.
° (EVJV: 9[['/,

6 is cilled a vibban studwe, and (€. c. 0) is clled a

vibbn  Codegory

Prop 32.1st (€.c.8) be o wibbm colgory. Then.
(PR 91 = idg

2. 6= VoK, or equivaantly, U6 = v'e g
Vi 1), em= Diso b Hence ,

Oretr= Lo Oror =4, +(6:0 Q) = {1 Cith® O )~ (O:®ids) = 61 -4z~ (O:®ids)

= 91 123 ‘(91®fd1) = 6. o= ﬁ_tl'ﬁ

Th@ﬂ, O = 9;' Sff'ﬁ-{f: 914”9.1‘&"&': ldl

0 Id¢— It suh ot

(v u's o= %
v

<

<

Prop 32 A 7ibbm calegory s pivotel  with
W= .= v'-8

% OIL!&/ need Ao show Fhat w is maovoidal.

Wvew =

.
Uvew ° Ovew

Vv wet,

= (uv O Uy) - CV:,V ° CVTIW * Cyw* Cwv *(67°0y)

Wy ® Wy



Ut dual stuctue of  induad by he piobl strchoe 15, Ay sywctvic wonoidel colegory s vibkon with . pistl

Cw34 ({,c.0) is a ribbn categoy Toks e Examply.

w dszd w above , ie. VVeC, structwe U=V" and A vibba stctwe 6= id
(V- VV,VCV = eVyY o (W, ifdyr),yCoev = [.'Avww}')v Coevyv),
Then VVet

2. T,CT, 1], CHAT s ribbon , with ke ribhm struclues
- | o
o Oy =Yy lidy @ eV )otyyys (Cuy ® idy)fyyp(idy o coevy )e ¥y,

o 07 Vv lidv o eV )otyyyve (Cry @ idy)ygy(idy o ooy )o¥y, * Ohiewlchion o ench  shrond
ie., v v is defenmind by '+-clor of
_ t bown o
by = K} bv = ( T . Audcgsrc?sﬂ;e X
v v
#: Notice hat
] ; . . . » 0 is Al fo T od C-T bg

L k Riedemeister move 1 . o |
= = = = [5] C 9_' is Lg yq)[aa'né all CIDS.(/I(lj m B 7fnm X Ao \/\
[ j} - For 47, C1T, 0O is not iviel ond 07-9-id
- L v = 00" is egou'valem‘ Ao ‘fRI



Recald. A vibbm Hopf aljebm is @ guai-driangular
Hopt olgebm (H.R) with an inverdible central element
PeH. suh Ahat
o 0= usw) = uv,
« 20 - (696) R
9 is called o vibbn eloment.

Rem.
The Ml'nﬁlbn above eﬁuiva/an‘ A0 hat in Aodboks,
since we have
D= (ceiap = (eoid) (900) R7Rsl = (0)0
= €)= UPeo= 1

0= Mm(Seid)(0e0) = mSoid) (AR R)
= SRIPSRY S0 By Ry R
= EO) USRURY = &) U SW) = sw) = B
= S0-=0.

;{l(H/Q B) is a ribbm Hoﬁa a@
thm RIP,K (H) is a ribbon catequry W#h
& ribbm stuchue  defired e actim of 6.
J¢ . (6.) is H—egw‘vmam‘. = Ois wntrd.
(9.) Jives a natural  [somoyphism . — QeH is inertible
3. (8) s o 4wit. & A9 =o)L
b @) =®)m " &= 56 =9

Coo 3.6 For o ribbom Hop, o\gebm (H.Q.8), th Plvovt
JeH conespmdmj Ahe P;vofal stucture. W on Rc}),K (H)
s Yiven bﬂ -up' = v'e .

Rem.
The converce uf Prop 3.5 s also e it His fmnt
dimensional.



Gwen any  yibom cofegory (C.c.68) ad VEC, Htim
exils o braided movoidal functy  Fr: T — €.
such that,  Te(*) =V, (=) =T" od

- Felln)= evy VoV ok,

P

- v
s Fr(u) = wey : k> Teo V¥
v v

Py L) = vev s Voi* — k

V!

g

.

*

" By () =vver: ko VeV

v

Fr s um‘ﬁm up o monoidal netuol ixomarphi(m and Come{
of associative constraints ond  unit  Constrainds.

N\

jin Bg stricness Auoem, we con asume T ond  Fr ae

strid. Tun F(®)= k. FEl¢.- SACYLIRL (Y
6=+ . Hna, on ohjech of f/

W Fe)=TU ol E-)=V"

Fv i umguzj determived

O maphisns, Fu 1s uniguely delenming by e ingge of
.U, 0. U and XX Sina Fyis broded,
Fv(“/\‘) = Cvy, Fr(X) - G

To fmish Ahe f/oaf, e 0)1{41 need b bk Fr is invariont

Jor frwd Turaev moves

(170)
(171)

-]
|

Trivied since Fv is a wonoided Funchor

IRPEVARR
N= (VT



(T3 HT4)

N /
m ) N ~ Q - l ‘ - p Tvivil by e bm’dmg
- N\ struche
[ #16)
“ﬂ = \J , Hore W= U8 is 4 Q k T
eﬂ"""' m PO s \\ - 1) Triviol bJ e brlw]/ry sty
) A

This holds ~ beause 4k fﬂuﬂy calculation,

vor' ({T¢)
%] 8
- Tor [/\] — | = i 9’\; ° Oy = idy = 9v°917
(

Notice Aat  4his s the vedsm we weed ribbon  stuctue.
We need a nomtvivid © o encads A vibbm shuctue

of 1T




Notice Ahet — -
Fe(Y) = m w K q: Gor
vey  Vey
ver 7o
F(T)= QU - P = Gror
i )
Ve Ve O

1T —F— ReprcH)

# Fwaei
Ay v, u\“ l
4

Vod

. R Cov =

o o= W) W)

o In wrdialor, =

(oo 38 Let (H,R.0) be « ribbgn Hopf aljfbnp
Toke a collectim C of {inite ohmensimal  k-modules of H.
Then up 4o mowoidal natuwl isowoyphion ond. composd of osociative
constraints ond unit  constrainds, e ensts o wnigue braidd
monoidal 7‘7»101‘07 F C—fq—> ReP:(H), such Ahot
FCvot) =T, FCVo2=V",  ViieC od
F( Uy )= wevy, F(%v,'): eV ,
F(iy) =%V, F( ) =vev.
Where  coev; evy;, ove clefined in Frop 2.¥
0. eV o defined i Prop22 by Ahe pivetel. structue
defined in Prap 33 ond PIDP 1S
Es[)eaou:j wn =1V}, ad denofe by FoUd e fvrjdfd Funchoy
}'GYJM‘ Rﬂ?k(/‘/)—’ Vea‘
we get back an opersdor invariant o Franwol Aoyl
1-(R 8 RY)
-wy TV B =l VST
g’ = (UBY). V-V
action by e pivet of (H.RL.5).

e



Example.

Consider [/(; (st.) genemidbg E.F K.K' with veluhin

3", K=
HE = EH+2) ,

= @ p

HF= F(H-2) JE,F1=[HI;

Dencke [N 14 = _L%W

A K:tl: K1(® K:tl )

AE
AF

5% g%

SK*= K" eK=1
K is gro , inq’aa‘ Ahe pivol.

Eek +1oE | SE = -EK’, ¢(E)=0

Fol +kK'oF , SF =-kF, £F)=0

1]

\

HeH/4 & g [ Ve
grevE = wg, (- £")cer)’
F antt — e N ol —n
%—H/;, %\; gm0 (%[njj 9 e

Consmuv @ ldzmt reprenunmhon Vv with
( e A
0 0o 55
— _Z. CQG)@QO)
- (¥4 0 o 0
0 0 ¥*
0 g% pegto
0 D 0 9“4
<= (1% 9
I

The Corxespmol/nj opawstor invovions (1 = &N‘g Y
Sa)f/y'flcs Skein  velation,

QX)) - 7% q (X) = (7))

In *aof,

GeL) = 0™ ]

#L= 4 Compoments e7‘ L
= sum of Awigh of eoth compatent’s



