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Recall
.

- By rigidity of T and Vect!
,

ii. vi. ii. it are

- We have defined the rigid strict monoidal category determined by a pair of isomorphisms .

I T
.
④
.
01 of equivalent classes of (oriented ) tangles. d. p : W*

=
> V.

and their difference µ : =p . ñ
' :V→V

, satisfies :

a). R±°cµ☒µ) = µ☒µ)°R±
b)

. Trac R±oCidv④µ)) = idv
a. (-1012-1)*0 Cid ④µ) ° (RT)" • Cid ④µ") =id-rx-xid-r.TTV*

. Operator invariants of tangles are regarded as

strict monoidal functors .
Q= Q-v.w.r.it

.
ñiñiñ : J > Vect!

,

generated by - Invariants of links can be recovered from
☒

Qf
" t

) =
.

R operator invariants of tangles via

+ + V④V Q-viv-x.R.a.pl L ) ( 1K ) = f-v.R.MIL ) .

>
+ it I

)= ñQI
+ .

^^ QI
>
/ = it

VW

+ -
it in

Q1
'

) = iii. QI e) = it
- +

W V



Rem :

it . In fact , we can't define Q : T > Vect ! directly , because

Vecttk is not strict ! However
, we have a so - called MacLane 's

stratification theorem
, which says that.

Each Chon -strict) monoidal category is monoidal equivalent to a strict

monoidal category .

Here
, we have a strict monoidal category Veda : iii. Question by Sangjin : Does the pair cap ) contain

- Obj . : In] , nemo
,

1=-10]
. More information than µ ?

' Mor
.

: Vector 11m] .
In] ) = Mnxml 1kt

.

Answer : Up to monoidal equivalence . NO !
- : In ] ✗ Im] := 1mn] A-☒B = I AijB ) 7- a monoidal natural morphism 7 : Q-riv-t.R.id-r.tl > Q-viw.R.x.rs

Kronecker product generated by H+ = idv : -v→V
t

However
,

there is a canonical embedding Vectra↳ Vector
.

17
-

= ✗
* :V*-5W

.

via in ] i > K
"

.
Which is a monoidal equivalence . 4 is a natural isomorphism by the rigidity condition

.

Hence
, our operator invariants are induced by strict monoidal functor,

> Vectik

I
T

Q
> Feet!

and
, up to monoidal isomorphisms . Q only depends on dim,¥

R
, µ .



Aim for today .

Provide a

'

more natural
'

construction - Combine the above two
,
f ribbon Hopf algebra H,

for operator invariants of ( colored /framed ) tangles via f-9
7- ! Q

> Rept.*(H )
ribbon Hopf algebras. > Reshetikhin - Turaev invariants

. F
v

s Vectt.Question
. Why do we need ribbon Hopf algebras ? K

St
.

Fo Q is an operator invariant as before .

- Rep# ( H ) is a ribbon category if It is a ribbon

Hopf algebra .

Outline
.

§1
. Monoidal categories and monoidal functors

§2
. Braiding , duality and pivot

' TT
. category of framed tangles .

is a free ribbon §} . Ribbon category and operator invariants.

category , which means that tribbon category l and Vel.

f-T
7- ! Q

> f.

S.t. Q is a braided monoidal functor, and .

Qlt) = V.



Ssl
.
Monoidal categories and monoidal functors ' (triangle axiom) f-V.Wee

.

( V ④ 1) ☒ W
A"IiW

> V
-

④ ( I ⑦W)

Def 1.1 ( Monoidal categories ) rrxoidw idrxtw

A monoidal category (or say , a tensor category ) is
'
V ④ W

'

a sextuple L E
,

☒
,

I
,
a.hr ) consisting of.

• a category L . Example .

' a bifunctor ④ : l ✗ l > 1
. the tensor product, 1). @ = Vectik , ⑦*

.

K)
, category of vector spaces over a field K

'

an object I c- l , the unit object, is a monoidal category .
'

a natural isomorphism a -

. I ☒ -1×0 - > ④ 1- ☒ -1
.

Ved¥ > Vectik
. subcategory of finite dimensional vector spaces .

the associate constraint.

' natural isomorphisms 1 : I ④ > ide . r : ④I > Ide
. 2)

. ( e- Rep,fG) . ④ik . Ik ) , category of representations of a group G-

the unit constraints . ii. e.
, subcategory of Vectra

. whose objects are KG - modules with

satisfying the following two axioms : KG - module homomorphisms between them as morphisms )

. ( Pentagon axiom ) f-U.V.W.X.ee
, Notice that

, the A- - action on tensor products is defined as.

ayy,w☒id× , ( V④ (V④W)☒X %iVWX
g. ✗④W ) := 9. ✓ ☒ 9. W

, V-gect.ve-V.wt-W.V.VERep,,dG)

VÉV④W1④X ) and K is viewed as a trivial representation of G.

µ④ V1 ④ W/☒X id-oxoa-r.mx 9.x = d

V-gtlt.DE/k.Vx0lVx0Y-WxX1)A-vxo-viW.XsfUxoV)xolWx0X1>

Aviv,W☒X



3) In fact , any category l with finite car products is a monoidal Pf . V- V. WE Rep,< (B) . V-rc-V.we-W.beB. define the action of b on VÉW by

category , for example , b. ☒W) - 3 bus
.

V ④ be, .W

- Yet
,
X
, 1*31 .

I set
, ,
1) Here , b = 3bar ④ ben is the Sweedler notation .

- ( Grp , × ,
<1>1

,
[ Grp . * , <1>1 Define the action of b on 1K by .

- ( Ab
.
✗ . < 1>1 .

( Ab
.

+0,4>1
.

b. a = Ecb)d
.

V ④ W If ④ W IK IK
^ ^ ^

41
.
In general . for any 2- category

e and any object Cee .

if
^

T bei, bas b := Eib)

( EndeCC)
, % .

idc ) is a monoidal category .

^

b f :
" ^

. " "

V ⑦ W 1K 1k

For example .
f. = Cat 7 D. End (D) is the category V ☒ W

of all endofunctors .

( End(D)
.

°

. Idol is a monoidal

functor. ' is an algebra homomorphism <⇒ V④W is a B-Mod
.

' ( ④ id)oo= Cid④Goo s > A-u.v.ir :(V☒V)☒W > V ④ IV④W) is B-equivariant

' IE ④
'

d) ° = Cid ④ E) o = id s 7 for : k⑦V > V and Kv : ✓⑦ 1k > V

is B- equivariant.

Prop 1.2 ( B. m.o.nl . E) be a bialgebra over K , then

( Repin B) . ¥. 1kt is a monoidal category .

Here
, Rep* IB)

is the category of all K- representation of B. regarded as a Rem
. Similarly , Rep?IcB) . category of finite dimensional K

- representations

subcategory of Veda
. ofabialgebra B ,

is also a monoidal category .



Deft -3. A monoidal category C e. ⑦ .
I. a. 1. r ) is called 31.1T

,

☒
, 1) , the tangle category

strict if a. 1. r are all identity maps. . Obj . : total ordered set of
"

-1
"

- colored points
E.g. A=f -1 , - .

-1 } 13=1 -
,

+
,
+ }

Example . . Mor. : equivalent classes of tangles , IT] c- TIA . B) if

II. Vectra SCT)=A .
FCT) = B.

- Obj . : In] , nemo
,
1=10]

.

' I : identity object given by the empty set. 1=0
.

' Mor
.

: Vector 1 Im] .
In] ) = Mnxmlk )

.

. : In ] ✗ Im] := 1mn] A☒B Kronecker product
i ? ! HT)

21
.
B. the braid category

- Obj . : IN] , nemo
,

1=-10]
.

T

' Mor
.

: BC Im] .
In] ) =/ Bn if m=n

\ 0 else SCT)

• : In ] ✗ Im] := [Mtn]



4).TT
.
the framed tangle category However,

^ Obj . : total ordered set of
"

-1
"

- colored points . E
n Mor. : equivalent classes of tangles with

'

blackboard framing
'

I
'☐ etT[ A. B) its"'=A .

to> =B
.

=
'

•

I
- I : identity object given by the empty set.

n

I
I

i ? ? ten I
"

1¥
"

E

\ - Framed tangles = tangles + I# of fulltwist of each

T "mm .

- f framed tangles} I tangle diagrams}/isotopy of 112×1
equivalence

' >

framed Riedemeister moves
.

SCT) ( FRI
,
RI

,
RI )

+

Notice that for framed tango . IFRI ) G p¥ = =¥=;÷÷= +

¥. If ^

i



Rem
.

Since we only use blackboard framing . all the Def 1.4. I monoidal functor )

twists are integers , which means that framed b. A monoidal functor from C e. ☒e. Ie . ae.tt . F) to

tangles with
'

half twisted
'

components are not included . I D
,
④
o. Io, AD, 1° , RD ) is a triple C F

,
J )

,
s.t.

- F : e → D is a functor . such that FlIeKIo .

¥ ¥
^

"

n

- J : -1-1-1×8=11-1 > Fl- ④e-) is a natural isomorphism . satisfies
¥ ¥ (monoidal structure axiom )

( FIU)☒☐ FCV) ) ④☐ FCW)
J-u.ir it"-9 F(V☒eV)☒o FEW)

✓

5)
. Colored I framed ) tangles category . C-TICFT) . J-vxoe-r.irADEM FEW.FM

✓ ✓Given a finite set C.
'

the set of colors
'

. C- T consists of

^ Obj . : total ordered set of [ ✗¥1 - colored points FIV)④DCF(V1④☐ FEW)) FllV☒eh④eW)

. Mor. : equivalent classes of C- colored tangles , sit. . id-y-WFJ-u.ir Flctviviw)
each component is assigned a color in C and ✓ ✓

colors of intervals are compatible with colors of boundary FIV)④olFlV④eW)) > FlV④elV☒eW))
IV. V⑦éW

points .

D.A monoidal functor (Fi ) is called strict
, if"

J is an identity map . i. e.
.
V-V.VE e.

FlV④eV) = FCV) ④DFIV).

3. ( F.J ) is called a monoidal equivalence , if F is an

ii. +1 ii. → ii. +1 equivalence between categories .



41
.
A monoidal natural morphism y :(F. J

'

) -41=2.51
between monoidal functors from [ e. ☒e. Ie , ae.ge, re,

"
' Vectk ↳ VectÉ
In] I > 1K

"

to ( D. ④D. ID
.

AD
.
1°
, 8) is a natural morphism This inclusion is indeed a monoidal equivalence .

M : F
'

> F
'

such that %
,
is an isomorphism and

-1hm 1.5 ( MacLane strictness theorem )

F' IV) ④☐ FTV)
%%% FYV) ④☐ ÉIVI Any monoidal category is monoidally equivalent to a

J-i.ir JF.ir strict monoidal category .
✓ v

F' (V④eV )
%④ér

> FTV ④eV)

Example .

D. Forgetful functors ,
e. g.

F : Rep* (B) > Vect *
t

Rept (B) > Vectra
.

2)
.

C- f- 9 > f-T forget colors Corot-6
.

I MacLane coherence theorem)
f- T > T forget framing suppose f. 9 : V > V are two isomorphisms generated by
B - T associativity and unit constraints , their inverses and identity morphisms

via composition and tensor product, then f- = 9 .



§2
. Braiding , duality and pivot

' ' '

#

Def2.1 .

b. For a monoidal category l l
,

④
,
I
,

A. 1. V1
,

✗

a braiding is a natural isomorphism C : - ④ - > - ④
"
-

, satisfies
' ' '

l hexagon axioms ) . V-V. V.Wee
,

I 1 2

- ( V ☒F) ☒W
Giv ☒ id-9 ( V④V) ☒W

A-viv.ir
✓ ✓

A-viu.tv

⑦⑦ CV ④W) V④CV④W) a

C-v. Vow u r id-vxc-v.ir . . .

( V④W)☒V
"" trio

> V④CW ④ V1 21
.
A monoidal category with a braiding is called a

braided monoidal category.
. V④(V☒W)

id-0×04-9 Vxofw ☒ V1
A-

'

viriw ✓
itts-w.ir 31

. A braiding C is called symmetric if
①☒V1 ④ W (V☒W)☒V C-wiv-d-r.ir)

"

C-vxo-v.ws ✓ coiwxidr A braided monoidal category with a symmetric
-

N④[V☒V)
"Wi""

> fW☒V) ☒V braiding is called a symmetric monoidal category.



Prop 2.2 . 31
.
Combine Hexagon axioms

,
coherence theorem and 2)

. . we have

1)
. If the braided monoidal category is strict

.
then the

Hexagon axioms can be reduced to equations , ⑦④ 1) ☒W
"""W

>V☒I④W)
G. I☒w

> lI④W)④V

Vv④idW idvxotrwh-wxoid-rc-vxo-v.W-IC-v.wxid-vlolid-vxc-v.ir) ✓ ✓

C-v. row
= lid-vxc-v.ir/0CC-v.-vxoid-w) Grit ④ Idw G V☒W

c-"W
>W④V
'

ae-w.ir

7 i. 1
'

trow fwxov
tirxidw

v v

(I ☒ f) ④W
AIN-W > I☒(V④W) id-txc-r.tv

> I☒fW☒V)

C-v.I ④ idw
> ☒1) ④W > lI④V)④W

Vrxoidw tv④id-w
.

2)
. By the naturality of c : - ⑦ - > - ④

*
-

,

V V④W
V

V-teec-vi.V.1.9ell-K.tk)
.
the following equation holds 7 CVII = fit ° VV

19 f) ° C-v.ir, = C-v.ir
.

• ( f- ④ 91 In cases f is strict
,

C-v.I-id-v.gg
4)

. If c is a braiding . then its conjugate I defined by
f g

C- viw := (car, -v5
'

: V④W >W④V
A ^

is another braiding .

c=E iff c is symmetric .



5)
.
Combine two Hexagon axioms and naturality of c.

④V)④W > V☒V④W)
id-v-xc-u.ir

,,
C-v.v Idar 7

(V④V)④-W V§CW④V)
CV,V☒W'

V④tV☒W) > HOW)☒V
id-uxc-r.ir

, ✓
Criw ④ ido

V⑦(W☒V)%W%fW☒V)☒V
^

T
>

(V④W)④V W④CV④V)
7

Cv,w④id-r id-wxc-u.ir Example .

(W☒Ñ④V > W☒(V④V) is
. Any monoidal category arises from finite lioproducts is naturally
a symmetric monoidal category .

In cases l is strict
. we have

21
. Vector is a symmetric monoidal category with a braiding

( C-riwxid-ulolid-rxc-u.tv ) ° I C-u.ir ☒ Idw) E : Vow > W④V
.

V.TN

lid-wxc-v.ir/olC-viwx0id-v)oCid-uxC-riw) However
, Read B) for a bialgebra B is not symmetric in

general . The restriction of I in Rep* (B) is defined
iff B is co commutative .



Prop 2.3.B. T.TT . C -T. C-FT are all strict braided We can show that

monoidal categories . 1)
.

C is natural
.

Pf . We prove it for T , others are similar .
- i - - - . . .

Ta T,
For any total ordered sets of

'

±
'

points , A and B
,

define CAB to be the equivalent class of a tangle
^

'
"% '

.

n

T, Ta

.

. - . . . . .

21
. C is a natural isomorphism .
KA.BY is defined by replacing all ☒ in CDA by ✗ .

- -

A
- - -

B- (A. B ° (CA.BY#t1idBxidA--idpxoA
- Orientation for each strand is determined by the ①A.☐To Cai} 1 ida ④ idB =idA☒B

.

sign of its boundary points.
31. c satisfies Hexagon axioms.

9 9 gg 9 g 9 g gg 9 g

- All the crossings above are .

For example ,
g 9g 9 g 9

¥ ¥ ^ ^

E.
+

¥
[ + , f- (-

,
- (t / - ,, , , , , , , , a - a

☐



Prop 2.4 .

Let B be a bialgebra , Rep# (B) is 21. Erin is an isomorphism .

< Ris invertible .

a braided monoidal category iff B allows aqaaiitriangular
structure . [C-r.ir/-t:-Wx0-V > V④W

pf .

-

'

If
'

part . wxov I 52*-4"?V ④ CRY
"! W

C B. R) is a quasi - triangular bialgebra , then Here , Rt -_3*4
" '

(Rt)"! In graphic expression ,I ☒ iw
V-V.VE Rep,,<(B) , define a K- linear map II. (Cnw)

"

.

C-v.ir : V④W > W ④V

V ④ W I > IN?w☒ RYU W④V

Here
.
R=3R

" >

④ R'
"

.

In graphic expression , 31 . C : - ☒ - > - ④ °P - is natural
.

TY, ☒ If

I :
c-v.ir 41

.
C satisfies Hexagon axioms .

⇐ toxoid)R=RBR↳
^ ''

r ☒ W V ④ (WEU) / ( id④o)R=R,> Riz
^ ^^ V ④ CW ⑦ V1One can show that : a ^^

D. C-v.ir is B- equivariant . ⇐ It b) 'R=R - ob
R
-

iR
C-v.w-lb.lv W)) =3 R'

"

bus .W ④ R'
"

bin -
V

^ ^^

=3 ba, R'
"

- W ④ be, R
"?v TRY

= b. ( Criwcvxw)) . CVW) ④W (V V) ④ W

Hence . Rep"dB) has a braiding c on it
.



-
"

Only if
"

part . 3.) /↳ ☒ id)R=RBR⇒
⇐ § Hexagon axioms.

C : - ☒ - > ④
"

is a braiding on Rep# (B), then / ( id ④ 0)R= Ris Ra C is natural

since B c- Rep"< (B) , define
R := IICB.BCN1)④K1 ) ) ) c- 13×013 Notice that :B > 13×013 is B-equivariant.

One can show that : I ✗ id )R

D
.

R is invertible
.
5- CB,B is invertible .

I ✗ id ) I / CB.BY 1- ' 71

l 93×013.13 I ✗ id ) 4 1 14 1

Rt := I CCBI} (7111×07111) ) c- 13×013 l CBxoB.BY 1- ' 71 ' 71

l ftp.B.BCB.B/id)AB?B.Bid-CB.B)MlI ' 411×7111))

2)
. V-bc-B.Ilob.IR = R - ob ⇐ ) CB,B is B-equivariant .

l ftp.B.BCB.B-id/iM1xRYxRY

\ C is natural . I l ftp.B.BCB.B-id ) id ✗ '

pi; × >
pin 71171 ' 71

I l >
Ri
' × id ✗ Spin ftp.B.BCB.B-id ) Mt ' N t ' M 1

Define Rb :B > B
.
Then Rb is B- equivariant . it '

ri
" × id ✗ '

ri
" Ri

"
☒ RI ✗ 411 )

b
'

' > b'b il Ri"Ri"× Ri
"
☒ Ri

"

Tlob) - R - Il b. CAB 17111×0711))) RBR.is
.

- I / G.Blob ) ) The other one is similar .

= It CB.is/RbcnMH-1) ④ Rba> 1411111)
= (Rba> ④ Rbcz, ) ( T1 CB,B 17111×07111 ) ))
= R - ob

.



2rem
.

21 . Braided monoidal functors between symmetric monoidal
is

. If Rep* CBI is replaced by RepÑB)
,
the categories are called symmetric monoidal functor.

"

If
"

part still holds ; but
"

Only if
"

part doesn't

holds in general .

Rem
.

By MacLane strictness theorem
,
each braided monoidal category

21. We call a quasitriangular bialgebra C B, R ) is equivalent to a strict one by a braided monoidal equivalence .

triangular if RNR = 7111×711) . Then

( B , R) is triangular Iff Rep* (B) is symmetric . Prop 2.6 .

B is a free strict braided monoidal category generated

by one object It] and one morphism ,
the braiding c-u-s.ee] .

In other

words
, for any strict braided monoidal category l and any Vel.

Def2.5. Let l and D be braided monoidal categories. there exists a unique strict braided monoidal functor

1)
.

A monoidal functor ( F. J) : l > D is called Q : B > l

a braided monoidal functor if V- V.Well, such that Q1 -1131 -- V.

FIV) ④☐ Ftw)
°¥%"W'> FTW) ④☐ FCV)

J-v.tv J-w.ir Rem
.

✓ ✓
Similar as B. we can consider T by replacing Bn to

FTV ④e-W)
F"%Ñ FEW ☒

e. V1 symmetric group Sn
.

Then J is a free strict symmetric
monoidal category.



Def2.7. Let Cl
,
④
,
I
.
a. 1. r ) be a monoidal category , 21

. for an object ✗ c- e.
"
X ee is called a left dual of X

II. for an object ✗ c- l
,
tree is called a right dual of X with a left evaluation morphism x.eu :X ☒

"

X > I
,

with a right evaluation morphism evi : ✗
✓
☒ X > I

,

and a left coevaluation morphism *oev : I >
"

✗ ④X
, it

and a right evaluation morphism coevx : I > ✗ ④X
"

, it

✗
idx

> ✗ ✗
idx

> ✗
A ^

idxxevx id×④§0ev ④ idx
coevxxoidxj
☒☒ XY☒X > ✗④ 1×40×1 ✗④ ④XI >☒ Xl ④X

ax.mx
a-

'

✗ix.×

idxr
> I✗

✓

a
idk

>

✓

✗

idxvxcoeviu evxxoidxv
"

X
a

§0ev☒id¥ idvxxx.eu
X¥☒XY YX✓☒X)④X

"

a-
'

xv.x.ir TX☒X)ÉX >
"

✗④ (✗ ☒
"

X)
r it at,×ix
S S ✓

Y Y
Ho

^ a •

•

s s
A 11 Be

VV V

ever Coeur I v.v
yell ycoev

V
.

V
. vv it

31 . e is called right/left rigid , if each object in l
^

^ has a right/left dual , and is called rigid .it
•

v v
v

•

it l is both right and left rigid .



Example . Prop 2.8.

1) . Ved-¥ is rigid .

FVE Vectra
,

Let It be a Hopf algebra over 1k
.
Then Rep:< 1H) is a

- VV="V=V*:= Hom#V, 1K) . right rigid monoidal category . Especially, if the antipode S of H

. evvl f- ④ V) = -revcv f) = f-IV)
, _VvtVfÉV* is invertible

,
then Rep?IlH) is rigid .

' Coeur (d) =§dVi ☒ Vi , gfoev (d) = I dvixvii

taek
.

Here fvi} is a basis of V, Ivi} is the pf : FV c- Rept,dH) .
take VV :

- V*
.

We will show that
.

dual basis
. 1)

.

V
"
is a H -mod

.

I 5 is an antihomorphism.

The H -action on V* is define as
,
V-hc-H.to- V5 tver

2)
.

T.AT
,
C-J

,

C-FT is rigid . h.fm:= f- ( sch) . v1

✓
A- f-faifsi.tzi.CI/t=f.Ei..En.G..E4}

21. evv and Coeur are H -equivariant.tn/MolSxid)oD=N11E/MocidxOS)oo=7c11E.-VhEH.fEV*.vEV
,

• . . . . . . .

'h
. elf ( f- ④ V ) = Ech ) ever ( f- ☒ V) = ev-rlE.ch) f- ④ V)

A=fEi
,
C-2. C-3. C-a}

✓
A-f- Ea, - Es,-Ez,- Ei}

= f- ( Elh) V1 = f- I 51ha, ) has . V ) - evil h
,,
f- ⑦ hair )

Aev ACOEV = ev-rlh.lt ☒ V1 ) .

- Eiett
,

- }
,
orientation of each strand is determined . the H

.

delk
,

by boundary points. h.coev-rcn-h.ldvixvj-xhcn.vixhiz.li
' For any object A , AV = VA

.

= dlhanliivj ④ Ischia>1.)Iv" = a 1ha, sina.1.TL vj-xvk-Elhlcoev.ru) .



In cases where S is invertible
,
)m°Poc5'④id) 00=711)E

,
•

• •
•

•

|M°Po Cid ④ 5) 00=711)E
.

Sha,
4h)

h ' Sha, heh

,,
µ,,

Echl •

Hence
, define

"

V=V* with H - action n n n

•

^
" "

h - f := f- • (54h) . )
,

V
'

V V
'

V-vv-r-vv-r-vr-r-r-V-v-rv-4.ir' if it rvvone can show that vevandvcoev are H - equivariant . × in a
•

n

na ,

^^

Echl = •

h
,

ha, Shu Sha'
Echl

Graphically ,
•

•
•

VV it •

•

✗
Go

^

h
.

: Sch)
.

Rem
.

^
The statement above can viewed as

'

half
'

of Tannakian
A

yr yr duality . The other half is also true when His finite

dimensional via Tanaka - Krein reconstruction method .

VV
✓

V

N a
•

: 5th)
.

"

h
.

^

on

VV Vg



Prop 2.9 .

Let land D be leftcresp . right/ rigid monoidal Prop 2.10. II. ☒ ' I. a.hr ) is left [ resp . right) rigid ,
categories , ( F. JI, IF',J

'

) :L >D be monoidal functors then i - i Crespi-Y) :[ 1. ④ . I. a .hr) > (f? ☒II. a. HEY

1)
.
FVEL

, left I resp . right) dual is unique upto isomorphism. gives a monoidal functor .

21
. V-VC-l.FFVllresp.FI V4 ) is left ( resp . right pf . Let F denote the corresponding functor . Define
dual of FIV). W VV .

^ ^

31
. 7 :(F.J) > ( F'i't is a monoidal natural morphism , ¥ IF > f- = : Eifel"ÑYW!

Then 7 is a monoidal natural isomorphism .

V r-v.VN ur

• • •

Then Flickr) =
^

|
"

"

= =idr-rpf.li.

•

"
V y

b b b

a fiver : FIV)④DFFV)
J"%FÑ'

> F(V④eV) Flfog ) =
¥
t

"

"

=

¥
§

"

, §
"

"

= -1-4-101=191
g

Ftvev )
> FCIe) .

9
> ID .

"
W

. .

"
W

Hence , Fisa functor. Define
a-rfoev : ID

9
"

> F( Ie ) Ffv
'""

> FÑ④eV) • from .

v-w.FI a ^ .

J¥eniHV> FCVVXODV)
.

J-v.ir :=
.

J-f.ir :=

'

" "

µ

Here 9 : FIIE ) > Io is a canonical isomorphism.

. How) .

"WH

3) , -VVEl , define
• gov,

One can show that :

D. J is a natural isomorphism .

rfj :-.

"
Hr 21ft, ] ) satisfies monoidal structure axiom

.

FCV)
•

31. FCI) -11=-1 .



Def 2.11 . Let l be a right rigid monoidal category , a pivotal structure Example .
can

on l is a monoidal natural isomorphism w : Ide > I - i! Such a 1) . Vecttk is pivotal with Wv : v1 > ( f- c- V9 > ten)
.

pair Ie, w ) is called a pivotal category. 2)
.

T.TT
.
C-T.CAT are all pivotal with the identy natural

morphism as a pivotal structure
.

Prop 2.12 . Every pivotal category is left rigid , whose left and right duals

coincide
.

pf . We can define rev and rcoev, for free ,
as follows,

yer : V ④yr Wr④id-w > Vw☒ Vr
%"

> I. Them
.

'

VVV
'

n n air
" Notice that for a pivotal category ,

the pivotal structure might not
r w

-

it be unique !

goer : I
"
W

>qvxo-vvvid-rvxw-j-vvxo-v.fr
V V

'
V

^ ^
-

" t

Wj
'

^

-VVV
1 1

One can show that : Def 2.13 . 1 Pivotal Hopf algebra )

TV:=V! -vev, -vcoev) gives a left dual , for example : A pivotal Hopf algebra is a Hopf algebra H with an element g c- H
.
such that

V V
- 9 is grouplike ,

i.e.
,

9=9×09
,

•

it
. n n I

Wii w¥
- 51h1 = 9. h - 5

'
the H

. ( 9 is almost central )
^

Wu
.

VW Wr
i

n
N

V V V V



Prop 2.14. WE = [ g-1.) 01W-9^1-1=15191 . )olwÉ)
"

For a Hopf algebra H . Rep,ÉlH ) is pivotal if His pivotal.

pf . V-VC-RepICHI.de/-inew-r:-w-iioc9 . ) . where g is 31. Wv is monoidal
.

{ 9 is grouplike ,

a pivotal element in H and W-9
"

: v1 > Her" > f-ND
.

can can

One can check that : W-vxo-w-W-rxo-w.IS . ) = W-v☒w°(9. ☒9.)
b. Wr is H- equivariant . < 5h = 9h9

"

the -11
.

- ( W.it
"
. ( 9. 1) ☒ (w-9

"
• 19.1) -

W-rxo-W-w.V-vc-V.fc-VEW-vch.vtlfl-W-%49h.ir/lf1f-cs1h19.v)Slh1.f-
( g. v1 W-FTg.ir) ( sch) .FI - h . Wvlvllf)

Hence
,
W-vlh.rs = h

. With. Rem
.

*
'

.

** Ñ* '

*

"
T
"

In cases where His finite dimensional
,
the converse statement

ween ween wir

n . 5h . also holds
. We can define a pivot in H by

w.im

WE %

'

%! ! 9=(4%4%4+17111) c- H
.

•

,, ,, ah .
r v r v r One can show that

2) . Wv is a natural isomorphism from Idrep,¥cH, toti! ii. 9 is group like ,
* *

'

w**
** * *

W n n 09=0.6%4-1 own 17111) = ( WE#How#+107111 )=(WHÉ"5! Want (7111×01111)
A ' A

a.* a
win with Wr =/ (Wii"5!wµC7A))) ☒ llwiimj

'
. WaMu))) = 9×09

.

wit
. a 9.

2)
. 54mg = 9h ,

the H
.

WE % . g. a a

V V
"

y

"

y

"

y
54h19 ( Sch) . / 04%1%9+17111) ( WÑ"Y°(h .) . WH MH)) = (wit

"

)
-1
. Witch)

If AELCV,W) . - (wit
"

/to WH 02min11) ) - Zno @Into Wacha)) = 9h
.



Tfwit
" it

"

if
"

. n IV
"

Prop 2.15. Every right rigid braided monoidal category lc.cl carries '

.

'

.

two natural isomorphisms u.ir?Ide
~

> c-1
"

. If c are symmetric . .

i.

a-- v1 gives a pivotal structure .

.ir
"

.
ivw

pf . Define .

U :
- ✓

-1
:
-

"

.

'

V "
.

V "
.

g-
VV

VVV VVV VVV VVV

v r

D. Uandv
"

are natural
.

V-fc-ll-W.tt
,

r
. if^ '

IV
"

ivw ivw n-VW.ir"

U
"
:=

f f
'

v
,

n
¥=

.

A

g

= = =

g.

=

Vvv Vvv
W W W W W

One can show that :
Moreover

. by definition . Urxow is given as follows .

Vw⑦Ww Vw☒WW

Is. Uigur = id-v-V-r.V-vt.u-rouij-id-rw-v.jo V.v .

Er:*
"

:
¥¥W
"

'

.

^^
.

. If
V V V

'

MV
.

Ñ "

"

✗ . ✗ . A
=

. ,

.

=\ '

=

y w

'

• I /

vow

"

V☒W

"

V ⑦ W

"

. . Ñ¥Ww
.

'

. WW
' aww

I

1 I

,

t

'

'

V
'

V V J-r.wolU-vxOU-wlociw.vo-F.ir = i

=

V
.

'

V
V W T W



Prop 2.16 . If IH.IR) is a quasi - triangular Hopf algebra. Equivalently, for aright rigid braided monoidal category the !
Then the natural isomorphisms U.ir

"
: Idpep

,:(µ ,
> f)
*

to make it pivotal , we need to balance U and V"
.

defined as above are induced by the action of Drinfel'd Notice that
,

elements u :=ISR"R
"'

,
V
" I 5R'" R

"'

,
i. e.

I
' n'V I

' ar
t ,

TVE Rep,É( H) , Ur = wit o CU :) and VÉ=w-Ñ
"

• IV! )
. your . lviovlr .

pf. V-ec-V.tt _V? ' .

Url e) (f) = R
"? f- ( R

"

.
e) = f- ISR

"

'R"
.
e)

1
,

"
I

= Wii
"

I a. e) It )
.

V V V V

ri
'

(e) (f) = SR'".tl R
"! e) = f- CIR

"
R
"

.
e) the natural isomorphism 0 : Ide > Ide to balance u and it

= Wii
"

( vi. e) (f) . should be a square root of vote
,
which is a 1- twist.

> ribbon category .

Question : How to modify u and v" into a pivotal structure?

Idea : f 5h U= Uh ,

V54 = hv the -11

\ U = ( U④U ) R'Ri,
,

V
"

= N'☒V
")RuR

A candidate for a pivot is
"

a balance of uandvt
"

,

i. e.
,
an element 9 - UO

-'
= v10

.
such that 0 is central

and 00=10×001 R'Rii
.

⇒ ribbon element.



§3 . Ribbon categories and operator invariants 21
mV iv. IV .

1

Orr Or

OVVXOV

Def 3.1 . Let [ e. ④ , I. a. t.r.cl be a braided monoidal category. How-to 0% .

1) . A twist is a natural isomorphism 0 : Ide > Ide
.
such that

.

Or

- D- vow = ( Av ☒ Ow) ° Cff.ro C-F.ir .

or

'

y
'

V

II. c) with a twist 0 is called a balance monoidal category .
V

v
^ ir

21. If C. c. O ) is also right rigid .
and VVEL. OI

i idv
- 10-vY= Orr

,

0 is called a ribbon structure
,
and [ f. c. 0 ) is called a '

v r

ribbon category .

Prop 3. 2. Let II. c. O) be a ribbon category . Then, Prop 3.3. A ribbon category is pivotal with
1)

.
OI = id -1 W := Hoo

-'
= V-100

.

2). O
'
= Voll

,
or equivalently . V00

"
= V10

. pf . Only need to show that w is monoidal
.
V-V.NET

,

pf .

1)
,

0-1×01 = 0-1×0-01
.

Hence
, WVXOW = UVXOW ° 0 ④W

0--1-011 = 1-1-001×01=1-+010-1×0 0-4=110 Cid-1×00-1 )olO±⑦idI ) 0101-1010-1×01'd, )
= (UV ④ UW) ° CÑiv°ÉW ° C-v.gr ° C-w.ro/Oj' ④ Oaf )

= ° VI. ( ⑦ idI ) = OE o V1 = of, = Wv ④ WW
.

Then
,

= OI! 0-iol-t.fi?=O-I'oO-ilIofi=idI
.



Coro 3.4
.

( f. c. 0) is a ribbon category .

Take the Example .

left dual structure of 1 induced by the pivotal structure b. Any symmetric monoidal category is ribbon with the pivotal
W defined as above

.
i. e.. V- VEE

, structure U=v
"

and the ribbon structure a- id
.

FV=VV
, _veV= ev-vvocw.vn/Oid-rv).-vcoev--lid-rvxw-ii)ocoev-vl

.

Then V- Vel. 2). T.C-T.fr/.C-fT is ribbon
,
with the ribbon structures

' Or = V-rolid-rx.TV/0a-v.-r.-vv0lC-i!-vxid-vr)oaIv.-v.-vuYid-vxocoev-v)0V-v-'
,

A

. Oil = V-rolid-rx.TV/0a-v.-r.-vv0lC-v.-vxid-vrta-'v.-v.-vuYid-vxocoev-v)0V-i'
,

- Orientation on each strand

i. e., if it is determined by E-color of
p I

0A boundary points
oil = Or = ^

- All crossings are
' '

.

I

v

'

V A

Pt : Notice that
. 0 is trivial for T and C- T by

it E
'

ri
.

it iv
•

ur
' RiedeMeister move I.

* . 0
"

is by replacing all crossing in 0 from
'

/

'

'

to
'

'

.

| . For 1-9. C-FT
,
0 is not trivial and 010=1'd

•

Oil
. Oil .

V f '

r r v
= Ooo

"
is equivalent to FRI .



Recall
.
A ribbon Hopf algebra is a quasi

-triangular Prop 3.5 . Ifl H-R.cl ) is a ribbon Hopf algebra .
Hopf algebra IH.R) with an invertible central element then Rep,! ( H ) is a ribbon category with

OEH
.
such that a ribbon structure defined the action of 0 .

' O' = USIU) = UV" , pf . 1)
. 10. ) is H - equivariant : < 0 is central .

• 0 = (0×00) Rt RT, ,
2)

. 10 .) gives a natural isomorphism .

t OEH is invertible
.

0 is called a ribbon element
.

31
.

10. ) is a twist . t 00=(0×00)R'RE .

4)
.

(0.5 = 10 . ) on V* ⇐ SO = 0
.

Rem
.

The definition above is equivalent to that in textbooks, Coro 3.6
.

For a ribbon Hopf algebra [H.R. 01 , the pivot

since we have g c- It corresponding the pivotal structure won RepÉH)
D= @ ☒ idol = ( E ☒ id ) @ ☒OR'RE = 4010 is given by g-- not = V10 .

> ECO)= ECO) 00-1 = 1

SO-0 = Mls ☒ id ) (0×00) = mlsxoidloOR.ir ) Rem
.

= SRI" SRE
'

son, On, Ri
" Ri" The converse of Prop 3.5 is also true if His finite

= ELO) US
-'

Ri
"

Ri
"

= ECO) U SIU) = USCU) = 02 dimensional .
> SO = 0

.



-1hm 3.7. pf . By strictness theorem
,

we can assume land F-rare

Given any ribbon category ( f. c. 0 ) and Vel , there strict
.

Then Fff) = 1k , Efe . .
- - -

. En ) = EfG) ☒ - ' ' ☒Eftn)

exists a braided monoidal functor Er : FT > 1
,

Ei = -1
.
Hence, on objects of FT. Er is uniquely determined

such that
.

F-v1 -1 ) = V. F-v1 - )=V* and by Frct)=V and Ef-)=V*.
. Erin ) = evr : V*☒V > 1k

,

' On morphisms , Fv is uniquely determined by the image of
Ñ
.
Ñ , Ñ . Ñ and

.
.

Since Fr is braided
.

V" V
- Fr ( Ñ) = Coeur : 1k > V④V*

,

F-v1 ) = C-v.v
,

F-v11 ' ) = C-F.ir
.

V V*

.

To finish the proof, we only need to check Fr is invariant
. F-v1 Ñ ) = rev : V④V* > 1K for framed Turaev moves :

'

It-101 Trivial since Fr is a monoidal functor,
avoir

( f-T1 ) If-121 .
V-r-x.fr( il ) = -vcoev : 1k > V*④V

.

I it
V' V ^ ^ ^

.

D--vUF* = = >
.

= =

,

i V V V

Fr is unique upto monoidal natural isomorphism and composed .

it at it
1

of associative constraints and unit constraints .

= =

,
= =

V V V

_v*
'

y*

"

y*



11--131 It-14)

=

" "

=11 > Trivial by the braiding
ur rv structure

.

I

v*④r*
'

i ^^ (1--15)

If
" %

. Here w=U°0
"

is the

= Trivial by the braiding structure ..w
:* w-r-ii.vn# .

pivotal structure .

I

1

This holds because the tolling calculation
.

v*☒v* i If-16 )
i i

^^

,

i
n

n ^

" " " " w* .

.w
:* %¥y*µ,

,

W¥*r*y*µ, i y*µ,

> 00g = Idf = OjOj

i t

t.ir#it.

.

,

"

Notice that this is the reason we need ribbon structure
.

. We need a nontrivial 0 to encode the ribbon structure

-r*☒v*
'

of f-T
.



(1--17) Coro 3.8
.

Let CH.RO) be a ribbon Hopf algebra .

" ^ I n

T Take a collection C of finite dimensional K -modules of H .

Y Then up to monoidal natural isomorphism and composed of associative
constraints and unit constraints

,
there exists a unique braided

T Y
v

'

v ) r v monoidal functor F :C FT > Rep:(HI , such that

FC-ri.tl = Vi
,

FI Vi , -)=Vi*
,

V-Vi c- C and

Notice that Fl il -ri ) -- coevvi , FCÑ-r;) = evri ,
V*④V ④ IV

. .

☒ I
n n

.
FIÑV;) =-vfoev , FIÑ.fi/---vieV.F-rlY) EvÉv* Where coev-ri.eu-vi. are defined in Prop 2.8

,
i

'

V ④ it V☒v* v☒V* V⑦V* Ticoev . Vier are defined in Prop 2.12 by the pivotal structure

V④V* i. ④ it defined in Prop 3.3 .
and Prop 3.5 .

^ ^

. Especially ,
when f- IT} , and denote by Forget the forgetful functor

F-v1 -1) ↳* ☒V. Forget : Rep,ÉCH) > VeÉ*

g-
✗ ④V

'

V' ④ v we get back an operator invariant of framed tangles .
- R = C-r.ir = Iol R

"

.

④ R
"

! )

f-T
F

> Rep%H) . ✗ = Clio.to@¥1
"

= WE :V* > V
,
P = lw.fm?-V**s-v

Forget - In particular , µ = Pod
"
= (UOY

.
:T > V is the

t

Q-r.HR
. xp u action by the pivot of CH,R - O) .

>

Vat!



Example . Consider a 2-dim 't. representation Ñ with

consider Uqtslzl , generated by E. F. kik
"

with relations F- = ( O l

, , ) K=(
É"

o o
) F- =/

o o

o
%)

F- F- FE = kq.IE?g-is R= To [ R'
"
④ R
" '

)/ K . K
-'
= K

"

-1<=1 =

µ
" O O O

KE = GEK O O F" O\ KF = F'FK q
- ka q'G- g-"40 ):

Imaging F- ett , K=GHk=eñHk , o o qK
HE -1=14+21

.
HF=FCH -2) it]=[H]q K = ( of

'"

go.µ)Denote [ n ]q= 8% - q
-na

,
GE - of

-V2
.

The corresponding operator invariants Q=Q-F.r-x.R.a.pk#--K-HxOK+-1,SK+-1--KT-!ECK+J=I
. satisfies skein relation

,

K is grouptike.in/-ad- the pivot.
E = F- ④K + I ☒E

,

SE = -Ek
"

,
El -1=1--0 . 9

"" Qi ? ) - G-
""
Q (

'
- ^

) = ( q
'"
- q¥) QCTT)

OF = f- ☒ 1+151×0=1 , SF =
-KF

,
ECF )=0.

In fact ,
R = qH④H14§g

q
" ' "- "ki

[mg , (( f
'"
- f-
"

2) E☒F)
"

QCL ) = C- 1)
#" t"'LL > |A=qy¢

# L = # components of L

O = f-
HY4 ¥

,

qnosn-11314 (q-k-qkjn-mqi.TK"'É. FCL)= sum of twists of each components.


