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§1 Motivation
To ’Fmdi a %uﬁemwﬂwl way Ao jmarallze e Link
invaiont L faptliefk.

Realk - To difive ﬁz,}dl—), we 1eed,
Step L+ Find o brad o, 54 G- L

Stp2: Find o vel?reseﬂ#whm :for e braiol
group  via  elemerdory pieces ) oneradors

Of o brid ond  braid Telghions’ ,YB CZWI‘M

T fre& finia“e rank K —mad \fn

- Q0 MWVMISM P By = EndV®)
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© R-(pep = [pep-R.
< Tra(Re(lop) = il = Trsz‘(/‘@/‘))Z}"-
fp (L) = Tr (Froep) ek



Ta otiur wods , we veqod UBe g5 o strich
broidul  monoidal yvupow[ (%,@,1)-.
- Obgects D] = o Aotal- ordured set of 1 points
ne MU{o}  T-[0]-¢
- Marphims - S3(n , Im3) [P F nEm

[ 2. it n=m
and dq'm P as o monoidal Jonctar
P: (£01)—> (/kf'»fxt,'g,k) 32 Twngles and Aomgle  cliagrams.
11 — v
Dbl (Tongle) An (m.n)= Aagle T comsists of
a ob'sjoim‘ W ion 01‘ w[més W[L Z=00,11 ond S'
embalded ndo R**Z  such Anat
. AT =4,0.0) | 5=1.-.m} = 5CT)
Hence, Ao 3me/mit'ze Peu, we nead Ao U Ao )| v=1 ) s ()
i) 32"&104}26 (2.0,1) 4 u'bmer:'nige ’ M < Owm by < < bn
W('ﬁwa{ Ao indude (oented Ainks o&'fed[g. 2. TN 9R~*1) = 9]
W), 7fll'n0{, a 'nl‘ulifuyndav with valies  in Sach I o S' s called = cumpmen/‘fﬂf /.
k‘m, T is  viented 1‘7'l each cam/wen/f is oviewted

). vecover /M :



In oriwted, cases . we color aeh poitt in SUT) 2. Aty n-shond  braid is an cnn-Aomle
anl AT by "+ and ~" in #lw,joﬂwgt way - _
« for a point in s(T) | }
:;f % is A stoA point n’fL o componnt J
it wilh be colored. b& a
z'f i is e end point af o oomporent
4 wid be colored bé P
. 7%1 ® Fom;t n AC[) .
i it is A stod point ajL o component

it will be  coloved. b&‘ =
zf it is e end point af‘ o oomporeut )
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a S?ﬁn’ng Aink.
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%2. ( Tongle eguivalonce ).
® Two (oriented) #ongles T ond T are sl Ao be fsotopy
epualend, if Ahre exists a bwnolarg,«prcserving (ond crientodtion
Prtsevw#ing) isoa‘ora, of R*#1I Jfakl‘ng T 4 T. This, a
:famitﬁ ofl homeom ovphisms,
he: RxI — R'*1, 4elod]

Such Anat -
). hfllR’x{o,i} = id,
2), ho=id,
3, h(D=T
4). X.4) 1> Ueoo, 4)  defins homeoonp hism

From R*x1" 4o iself.
* Two Aongles ore said 4o be eﬁw‘valent, Vf ey o
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Eguivalwa between P’%ﬁ‘m m’jlﬂs i© gt\/cn b& a ;f-im'»fe sepuance
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4. By e pajedion RxI = Rx{o}<I. we hae
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Here , #hese Ao oparaions give vise Ao opentions on e euivlet
\KU clusses of Aongles.  Simlay as cases @7“ braids

, (on‘en&d)#angks
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ACT, +Ta) = #(T)
Rem .

D. T is nd o 3nu{>oiol any mae.
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A with 2, o is e deft dual f A because (B h) <=C(wes. [) = (A E)
‘A A (idy oD (poevoidy) e— £ +— (foidg): (ido wev)
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. ‘ - (7.9,1) is in ifoa‘ a  vibbo cdeqoy | which will
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Foids) (ido )= ide = (hoR)-(Woid)

(T,) (2o R) (%0 id.0F e id-)o (l¥0 R © i)
N _ l - Lq o Cid-0 Toileid®*): (d0i”)
Py L) 02 . < g

= (noid®) (-9 oid,0id®) - (IP0R 0 il™)

(Roi-)-(d-0U) = id. = (id-0F)-(Toil) o (dPods0liod®) o (U 0h)
(Ta) (T.) <
R RH IA+-‘-|A(H} =R "R
(d®om ) (%0 d. o0 il-)o (%0 R0 id) 1) Lt
o Cid-0 Koo id®*) (doi>) \ ] I)
= (9l (id-9fi oid,0id®) - (PR ™) \ W 3

o (%o doliod) o (U7 0h) (Reik)-(doR)>(Roil)= (i:®R)" (Roide) - (id:OR).
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Coﬂsid.er (K 'ﬁljd , ,? , I=K) ¢ Y@l‘d S\ymwan'c monoidal
( ca%gorg :

- Ok Free  symmedric bimodules q' K with %Wk yank

(i@ 1) 2 (Roid-)e (id:®U) = ids  Mor.: Home C V. W)
= Cide @) -(R®id-)e(ide 00) ©® 8§ wih dwiy okt /K.

Tyw VOW— WeV . an involutim
At it dwl - V=V V= Hme (VKD
Y ° T: id_‘@ ld-t = l‘d[.,ﬂ 44 /J "

@11_1 ( operator invariant).
Fix AW0 Kemds V ond W € Kok on operstor invariwt is o monoidal
funtr @ - 'T'*kfml suh Ahat
T Y= ide@id= idg, 2R S
SR =V
- QRO =WL

J Y= (d 0,8 %) (-8R O id) (Hoid,®il-)

l T= (MO 0id)-(id-0R ®id) (4 0id®U) lem§ O is deleymined bg Vs images on elemmz‘ag Aongls and

sa#is{ies sevedl  relotims  induced bg, Turaey moves (T -T)

@ T, is Ariviel, beause b is included in A Aq“[mh'm pf o« oyvidel :fundvr



* Generatars -
QUid,)=idv. QUd-)= idw,
By abusfng, q‘ notetions. ke images o elW’fag Aoogles ore
U € Homy (K. Wo V) = Wel
i € Hane C VoW, 1K)
Uk e Homw (K, VOW) = VOW
TG Hom, (WeT, k)
R € Ham (VeV, Vo) R € Home VOV, Vol)
° Rdaih'(msr
(1) (Reidy) Cidye @) = i, =
(To (e, (doid) = i
(Ts)
(PR ) e (idyo idy @10 id,)o (idy'e R e id%)
o (i@ Foilve %) (F0 i)
= (7 9id%) s (idy® i 0 dv 2 id%) - (dP0R i)
o (idSoidvoliod) o (o)

(id,® )< (T® idy)

w = (ldwr@F)’(—u’@ Wkr)

(T«)  RoR'= idver = R79R

lTs) (R@idv)~(|‘pl,,oR)°(R@ id,)= ( i, OR)- (R®idy) * Cidy®R) .
(1) (i@ ) ° (Reid): (id,0%) = id,
= Cidy ®F) (R ®idhy) o (idy 9U)
(T2) ) Y= (id,©id,® %) (kS8R & id,)(Hoid,® id)
| T= (0 0id)- (ide® RO k) +( ik, dy0 )
Y- Te idyo idy
TeY= iy o duw
We may wite Q= Quiiiiige -

Questim  How Ao S"mfﬁf% 1 ?

1dea l./k"ﬁj Yijfali’lg/

Nototim conventions.  {vi} bwss o V ol {V'} dhal basic for V"
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Tinstein  nofation -

U=T viow

< >4 . 8
n-= Ny we v

idy= 9y vj oV
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U i
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Yo 8L u“& = Ty 83 3 n
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W Wy = 81 = Muife
Explonation -

* Monoids| funclor will preserve  Aeft/vight dol . eveluatim
and coevalustion,

* Di {erwf {0{# (o YIJM) duals axe istnerphic. For exmpla
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=

-
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& WSV, we Yy
ov,, -

W
w* ¢
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T Y
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T

= RCeV-) indice on ismophsm by
n W
W
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T. 7T, S04s n(ﬂhmg,baﬂm rﬁirsvf’[ isamoyphu‘sms.v

—

E
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Whet's more, it 7T,
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4
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T, & Y)ha fas (R )mn
= Yllv n&s (R )w

e i
0P %% gy
= (R " T

-
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Narg U U

(RI)SV "MP 4”) Mﬁb ﬂmg

= [R )mn /Mt /k
ie., (}‘@/‘) R
Sx’)[anwﬁm :

1}

1]

= (R i fha
R* = popo.

WA
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0

Sieﬁﬂ
— - £k éM 51}
= nu(R )de« = 9

= (Ri)jfu/MT = §

ie. Tn (R (id® ) = (2)
Explana%i(m: -
Step IV
T, < { ﬁ)uz The R: (R‘i);: ‘”—jvﬁ“= S; 5;
ﬁr-k ﬁ"ﬂ (R)m R:; ﬁvs a"r= X; S:
= 1) R,:i RYE = & Of eus - 18
,M': V'(‘)k P} (Rﬂ){m = 3$ A‘sq W Ny = 5} Sﬁ
In oder 4 gie a mw-frt& fomulo ,  we  indroduce Ahe

#atlowmg maps
1+ Home (V" V®) — Home (V01 V0V)
Ao H(ynn< (Vm/ V’m) e Ham,g(V@Vx % V@VX)
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coevy,

=

Vcoev

Or suy, vf 1 vy f;‘ VoW ken
A" vioy o 1 vrey,
£ viovie £1 ve

Rall 1 VoW — Wel

Vr@wj = Wie Vi

T 1
i} ¢
1 X

Tof 17

) R,:’i (R")i;“ 55
WL R (R )b = % 5

= [ (mR)* “CidoJ) © R1)" e Cid 04) = idy-sidy
(%

(R"U%” (“dv‘?/"_l) - (T-R } (ld@/‘) = idy*® idy
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Rem (2) () is not Arviel. in ;laaa‘ we have ,

é &/ . \ﬁ
~ / - M@”
= g
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Q. 7, 7.5.0,8% is on operschoy invaviard i orol 9;4% ExamEIe. k=Cr1* %] , V= Ke.Pke , A

it R=[-t* 0 D0
i) Ris an R-matrix .

0 -1%4* 4 0
i, e exists n‘somoy}oh;‘cms CodLp WSV, o4 0 =} 0 0
Acw') = ﬁ"iﬁ,,&(w‘h fl“"'vd-, x'0V;)= fﬂj W, BlCv)= ﬁj..w{ 0 0 0 -1%
W), Pp=pe oLl V-V saﬁ:fia 3 Bl = ( -4 0 ) B - ( 0 )
w. RE-(pepy = pop)-RE 0 -4“ o |
b, T CR* Cidy®)) = idy = (-4"1 0 )
o, (TeR) " do ) o R-1)" e Cid 847) = y-oidy o 4%

Then, &R,A,I@ IS om O/Jewfay nanget and

Such an operafor invaviand will olso be olensted bg Prpil) = [(-4%-4™)J(L)

@R,o(,};.

In sunmory , e obtain on invariont of , ot oy Ainks.

bit olco Aungles al;fhough we nweed om w/da‘«mu Yeledin (3)
We need o better cwftgarg Ao vep lace K- rnad Ao 7‘0«{
better inverionds g«an#um invoviont .

Coo lo. H W-=V"und Qraup is an opoushr inavians
hen [, g is o link invariont ond YAk L,
Qrowp (L) (1) = fryull). ek
\——-\/""_/ f

m Mm‘r"f# element in K
Ewly ( 1K)



