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§1
.
Motivation PC ;^) = Rte End 2)

To find a systematical way to generalize the link via operations ④
,

°
. st

.

invariant Lt> free (1) C- 1K. PCO ,
☒ 02 ) = f (G) ☒ f( Oz)

f f 0,
° 02 ) = f [0, ) of ( Oz )

Recall : To define frail ) . we need
. and R is an R -matrix .

Step 1 : Find a braid 0
.
sit .

I =L
.

Step 3 : Find an isomorphism ME End TV) , satisfies
• Rolli -091 = 19×091012 .

to . Trac Rolid ④µ)) = id
.

<⇒ Track . (9×091)=9 .

fRµ ( L ) := Tv ( Plo) °µ☒n) c- 1K .

' - <

step 2 : Find a representation for the braid

group via
'

elementary pieces
'

. generators
of a braid and

'

braid relations
'

, -413 equation .

>

a free finite rank 1k - mod V

- a morphism f : Bn → End 7
generated by

fl
" '

) = R e Ender
☒2)



In other words
, we regard YBn as a strict

braided monoidal groupoid (B.⑦it):
• Objects : In] = a total - ordered set of n points,
NEINUfo}

.

1=-101--0
.

- Morphisms : Blinis , -1m]) =) if ntm
I Bn

. if n=m.

and define P as a monoidal functor
f : [B. ④ .

I ) → LIKE'm%d
,
☒
, K ). §2

. Tangles and tangle diagrams .
[ 1 ] l→ v

1k

Deft . I Tangle ) An cnn.nl - tangle T consists of
a disjoint union of copies of 1=-10,1] and 5

.

embedded into R' ✗I such that
,

D. IT = fcai
,
0,0 ) 1. i = 1 , - - -

,
m } = : SCT)

Hence
,
to generalize PR,µ , we need to : w Tibi . 0, 1) I i=l , - - in }

, = e- (T)
is

. generalize [ B. ④ , I ) to a

'

bigger
'

,

'

nice
'

a. < . . . < Am
,
b. < ^ - - < bn

category to include c oriented links directly . 2) . Tn 2111241 ) = IT.
iii. find a

'

nice
'

functor with values in Each I or S
'

is called a component of T
.

t.tk-mod
.

T is oriented if each component is oriented.
iii. recover µ .



In oriented cases . we color each point in Stl) 21. Any n - strand braid is an cn.nl - tangle .

and ACT) by
'

+
'

and
'
-

'

in the following way :

^. for a point in SCT )
.

if it is the start- point of a component
it will be colored by

'

+
'

;

if it is the endpoint of a component . . :

it will be colored by
'

-

'

:

" for a point in TCT) .

if it is the startpoint of a component
it will be colored by

'

-

'

i

if it is the endpoint of a component
it will be colored by

'

-1
'

:

Example . 3)
. (y

' ' - Any knots or links are 10,0) - tangles . yR×
""" "

. . IR ✗ 103×11}
.

AC 4. 2) - tangle with (3+2) components .



4)
' Def 2 .

I Tangle equivalence ) .
- Two [ oriented ) tangles T and T

'

are said to be isotopy

equivalent . if there exists a boundary - preserving /and orientation" 1
.

presenting ) isotopy of 1122×1 taking T to T
'

.

Thus
, a

family of homeomorphisms,
a string fink ht : R'✗I → 1122×1

, te -10,13 .

such that :

sting link : Cnn) - tangle 1). he-lpixio.it = id
.

with no closed components and 2)
.
h. = id ,

i - strand from i - th input to 3)
.
hit)= T

'

,

i - th output. 4)
. ix. t) 1-→ [ htcx)

,
t ) defines a homeomorphism

U V from R'✗I to itself .

pure braid long knot
. Two tangles are said to be equivalent , if they are
isotopy equivalent up to horizontal rescaling .

if it is also if only one
[ ✗ , Y , Z ) ↳ ( fcx, Z) , Y, Z ),

a braid knot .
where fcxiz) is smooth and strictly increasing .

. I .. -



j
41 . By the projection R'✗ I → Rito} ✗I. we have

the corresponding tangle diagrams .
We also require

. . such diagrams to be regular.

Rem : slipUTCT) , , i . .

II. Up to equivalence . IT is encoded by two total

ordered sets of
'

-

'

- colored points . Def 3 .

I Tangle operations ) as ordered set of colored points

1) . For two tangles T, ,
Ta

, if SCT,)¥tlTa ) ,
21

. Unlike the braids cases , tangles allow critical parts . We can define their composition product T, Ta .

< AS
IT

T, Ta
Tz

- ' ✓

21
. For any two tangles T, and Tz . we can also define

3) . We only consider tame tangles .

their tensor product T, ☒ Tz ,
Tameness <⇒ equivalent to a polygon tangle .

T, X TaEquivalence between polygon tangles is given by a finite sequence

of o± - moves .



Example .
Here , these two operations give rise to operations on the equivalent
classes of tangles . Similar as cases of braids , oriented ) tangles
compose a strict monoidal category (T , ☒

,
1=0 ) :

Obj . : total ordered set of
'

±
'

- colored points .

'

-

'

-

'

+
'

+
'

-

'

+ Mor. : equivalent classes of tangles , IT] c- TIA . B) if

SCT)=A .
TCT)=B

.

jsc-1,0T.) = SCI) I : identity object given by the empty set.

④ Itc -1,01-2) = TCT, )
Rem

.

*
1)
.
T is not a groupoid any more .

2)
.

T contains more structures over its monoidal structure :

' rigidity : each object has a left/right dual .

Example . A= It }
,

then Ñ=✓A=f - } and

the corresponding left/right eco> evaluation maps are
.

- -

'

+
'

+
'

-

'

+

coev : I → ☒A coeva : I → A ☒A
"

A ✓
A
. A. A

,
A!

>
-

SIT, ④E) = 5th) ④SCI) <

ACT, ☒ Tz) = ACT,)④tCTz) Aev : AÑA → I
eva : A-

✓
④A. → I

'

-

'

+
'

+
. -

> ,

it it it it



elB. A) <
=
LIA④ B. 1)

=
> ECA , BY" isthetettdaalafA. because

Cid# ④f) °( Acoevxoidp )← f- i > ( f-☒ idBv)°(idA☒ coevrs )

:]= <⇒ fid# ④F) • (§oev④idA)= idk

A * However
.
thecoievaluation maps are not unique !

- IT
,

④
,
I ) is also a braided monoidal category , butA-

not a symmetric monoidal category .

÷= • ( 9. ☒
,
-1 ) is in fact a ribbon category , which will⇒µ☒idA)olidA④§oev)=idA .

be discussed in next two talks.

It
•

A Deft. [ Elementary and simple tangles diagrams .)

similar for AV
, EVA , COEVA . 1)

. Unoriented elementary tangle diagrams .

I v nFor a strict rigid monoidal category II. ☒ , -1 ) , there is canonical

isomorphisms : 21
. Oriented elementary tangle diagrams ,
^

LIB . A) <
= ECI . A B)

=
> ECA! B)

✓

All MY
Cida④Bev)oCf☒idv☐K I f- 1 > ( eVA④idB)°lidA☒f) id, id. R Rt Ñ it Ñ it

+
er
"

+

coir e'is co"ev_



31. A simple tangle diagram is a tensor product of C maybe none ) and isotopy of IR ✗ I are :

elementary ones
.

ii. rotation of a crossing

Especially , an identity tangle is a simple tangle with only n nvertical lines
,
i. e.

,
in the form of id?

"

④ id? - -

.

iii. create and annihilate critical points
Rem

.

Other types of crossings are equivalent to tangles generated ↳ = = µ
by elementary ones

.

For example,
iii. Other isotopes preserving crossings and critical points.

¥ ¥ *
Lem 5

. Up to isotopes of 112×1 , each (oriented) tangle diagram"

can be sliced into simple tangle diagrams via horizontalv7 lines
,

i. e.
,
it can be obtained by composition of finitely

many tensor products of c oriented) elementary tangle diagram.

We shall call it a sliced tangle diagram .

Similar as cases of links . we have

" +""9k¥otopy equivalence < >

Itangle diagrams}/isotopy of112×1
RiedeMeister moves



Thmb
. IT,

"
)

II. Two un oriented sliced tangle diagrams are equivalent
= (

,rift they are related by a finite sequence of anointed Turaev moves
,

IT:)
T id

= T = (TI ) ① = = ①id T

To id = T = idol
.

T, id id Ta

"%"

µ = µ=

id Tz T, id

(T☒id)°( id ☒ Ta) = Cid 5) • CT. id) A) = A
Itil µ =

= U 27. Two oriented sliced tangle diagrams are equivalent

rift they are related by a finite sequence of Turaev moves
.

His

) = = ( (To ) the same as Hill
.



111

µ =

"

= " on1. =lñ> ④ id -11° Cid + ☒ Ñ) = id+ = ( id+④Ñ)°lÑ④id+ )
v v v

( id!2④Ñ)°(id¥id+④ñ> ☒ id
- to lid#④ R ☒ id?

'

)( T2 )

µ =
= U o Cid - ☒ Ñ

>

④ id + ④ id?2) ° ( it ④ id:')
v

v v = ( ñ ☒ idk)o Cid- ④ Ñ ④ id
+ ☒ idiot • lid#④ R ☒ id:')

in ☒ id-7° lid-☒ Ñ ) = id
.

= lid- ④B) ☐ ( Ñ ④ id. ) ° Cid-*☒id+☒Ñ④id¥ ) o lid ☒ It)

1- 7 ^ ^

( Ts ) ( Ta )

) = =

"

[☒ =PJ
Ro R

"

= id-F-idi.in} =R"°R
v v v v

( id.④2④Ñ)°(id¥id+④ñ> ☒ id
- to lid#④ R

-

☒ id:o) "" "
= tj° Cid - ☒ Ñ

>

④ id + ☒ id?2) ° ( it ④ id:')
= ( ñ ☒ idk)o Cid- ④ Ñ ④ id

+ ☒ id:') • lid#④ R
-

☒ id?)

of idF☒id+ ☒ it ④ id¥ ) of id?
"

④ It) (R④id+)°lid+④R)ofR☒id+)=(id+④R) - CR ☒ idt ) • Cid+ ④ R) .



^ ft.
1%1

=

Consider 11K - mod
. ¥ ,

1--11<7
, a rigid symmetric monoidal

=

category :

- Obj .

: free symmetric bimoduks of 1K with finite rank

lid+④ Ñ)°lR④id-)°Cid+☒Ñ) = id+ . Mor
.

: Hom # IV. WI

= Cid+ ④A) • CR
-

④ id-7°C id+ ④ Ñ ) . ④ : ¥
,

with identity object 1K
.

^ ^
' Evin: V④W→W☒V . an involution

(Tn ) y
- left/right dual :

"

V=W=V*:=Hom*(V. 1K) .

= Yo 1- = id- ④ id-i-idri.it

T Def? C operator invariant) .
✓

.

✓

y a
Fix two 1k-mods T and W ektiiid

,
an operator invariant is a monoidal

T functor Q : T → Kirito'd such that
,

= ToY=id+☒id_= idf , - } . . Qi > = 1k
,

Y . QC -1 )=V
,

) ✓ v
- Qt)=W

.

I Y :-(id -④ id+④Ñ) . Cid- ☒ R ④ id-)°CÑ④id+④id-)

IT :=IÑ④id+ ④ id
. ) olid- ☒ R

-

④ id-1 olid- ④ id+ ☒ it ) Lem 8
.

Q is determined by its images on elementary tangles and

satisfies several relations induced by Turner moves (1--4) .

Rem : To is trivial
,
because it is included in the definition of a monoidal functor.



- Generators : (Ts ) (R ④

id.tolid.at?)ofRxid-r1--lid-rx0R)-CRxoid-r1oCid-rx0R).Qcid+)--id-v-.QCid-)--idw
.

11T ) lid Ñ)°lR④idw)°Cidr☒Ñ) = idr

By abusing of notations . the images of elementary tangles are = Cidvxñ
'

> • CR
-

④ idwocidr ④ Ñ )

Ñ c- Horn
*
( 1k , W④V) I W☒V (Ti ) ) Y :-(id.w④idr☒Ñ)°( id.FR ⑦ idw)°CÑ④id -☒ idw)

Ñ c- Hornik ( Vow, 1k ) / T := IÑ ④ id-rxidwlolid-wxR-xid-wlolid-wxoid.ir ☒ it )

Ñ c- Hank 11k , ✓☒W) = V④W Yo 1-= idwxidr

Ñ c- Hornik (W☒V, 1K ) To Y= idvxidw
.

R c- Homie ( V☒V, ✓☒V1 R
"
c- ltomikl-vx-V.VN

. We may write Q= Q-viw.n-ii.n-ii.PE -

- Relations : Question
.

How to simplify it ?
Til lñ> ④ id-rlocid.ir Ñ) = idr = lid F) • lit ④ idr)

( Tz) IT ☒ id-wolid.FI/--id-w--lid.wx0R)olTixid-w) Idea
. Using rigidity !

( Ts)

( id.FI/on)olid#oid-rxn-xOidw)olid-Ffx0R+-x0idEr7 Notation conventions
.

tri } basis for V and fvi} dual basis for V ?

° Cid .w☒Ñ ④ id-rxoid.FI) ° ( Ñ④idi%) twjl basis for W and Twi} dual basis for W?

= ( ñ ☒ id-FIocid-wxnxid-rxoid-%1colidEIXR-txoid.FI we shall use Einstein notation :

° Cid_¥☒idv☒Ñ④id¥w) of id% ☒ It) U→=U→ " wixvj Ñ=Ñ " vixowjid-r.FI. vjxovi
Ñ = Ñijvi ④ Wi Ñ = Ñij Wi ④ Vi id-w= ditiwjxwi

1T¢) Ro R
- '
= idvxor = R

- '
④ R R = Right vixovnxovexovi R

- '
= (Rt) !F vixovnxvexvi



step -1
.

T.
.

-1
.

<⇒ of É=ÑwdÉ dikiitm = dÉÑemÑHd? Ñ = Qlev- ) induce an isomorphism by
ñfit = 81 ñemiihlcr? = 'ñnedmidhiiitm
> . -w*

<⇒ of Ñieñti = Iii = ititiñei -W

util n→µ. = 8¥ = n→ieÑti j coevw

Explanation : d-
'

: Vit> ñijwti , V→W*
. Monoidal functor will preserve left/right dual . evaluation Ñ = QI -ev ) induce an isomorphism by
and coevaluation

,

-W*
< g-

- Different left ( or right) duals are isomorphic. For example .
- W

VA Acoeu '☒id5A VA
'

④ A ④ VA idÑ¥% VA
'

wooer
•V

7

I p
"

: Vit> ÑjiWi , V-5W?

Hence
. Tl = Qlcoev-1 induces an isomorphism

✗ : _w*=→V
,
wit> Ñiivj T, , -12 says nothing , but two pairs of isomorphisms .evw.ir

• W ✗
-1

VIV , > W*<
P

> -r=rW
. µ .w*"

w*
>U→

✗ B-
'

Ñ = QC
-
coev) induces another isomorphism i

P : W*=> V
,
wit> itiivj What's more , vi. ñ . ii. Ñ . can be determined by d. p .

- V wer

Define Fi:
<

"

W

µ := Po ✗-1 : V→ V
,
Vil > Flik Ñirvg

it =w*
is the

'

difference
'

between ✗ and P .



Step-11 .

step -11

T, ⇒ ÑnjÑeifR±)%nÑMÑ&mÑñpÑñqÑñUÑ To <⇒ ñie(R±jj!Ñmt = dji
=ÑirÑjs ( Rt) :L it "PÑtEÑñpÑñqÑñÑ% <⇒ (Rt)'jkmµ% = dji

<⇒ (Rjkmn ÑriÑeiÑ%Ñrj i.e
.

Tm ( R-tocid.IM/=nid-r (2)

=(R±)¥uÑ"PÑnpÑt&Ñmq Explanation :

"

<⇒ 42+-1%9:p : = 112-1-1%01 µ =

• ¥3i. e. , µ④µ)°R± = R±ocµ④µ). (1)

Explanation :

Step IV

= ④f T
,

<⇒ fñenuiimpi:( RT;+ñjrñtr= ii. or;iinniimilR-yiinri.in?suinP=didY

⇒ Hetty: RninlR-yqei-djidoi.in?xiii=s1dg.P
⇒

¥µ=¥ 1µm, µy : Rep; pi)Ym = dqicrsiii"ñ×,- = Said!

In order to give a index-free formula , we introduce the

following maps :

t , : Horn
, ,< 1T¥ V0) > Homme -V*④V, V*④V)

tz : Honk (V03 V07 > Hank ( V⑦V* , V④V*)



rev

^ ^ F n

t it ' > e- futility :Rm%(R%%=i:D:
" "

7
" |µIµy : 1211112")Ym=dqid!

coevv

err
<⇒ ff-loR-ytiocidxmjofRo-ytiocidxn-Y-id-rx-xid.ir

✗ in a 1 T
" V* (3)

f- I
t'

> f-
^ ^ ✗

'- { (Roz)t'o(id④µt)oCI°RJt'oCid☒µ)=id-v*④idr
-v* -v*

[ 35
✓
coev

Orsay, if f- : Vixvj ↳ fifth ④ Ve
,

then Rem
.

(3)⇒ (3) is not trivial . in fact we have
.

ft ' : V'④ Vj → FLY ✓↳ Ve

th : vixovii-tifvnxo.ve y <⇒

"

µ) <⇒

Recall I :V④W→W☒V

vi. ④Wjtwjxvi . <⇒

"

<⇒ µ <⇒ [ f
✗ ^

^^ f-

e- ^^
9"" LT ⇒ §

.

^ ^

Tof f- • I



Thm 9
.

Q-viw.ri.u.ii.it ,R± is an operator invariant if and only Example .

K= ① It
"
,t
"
]
,
F- Keo ④ Ike,

,
take

it : R --

ft;
° 0

it
.
R is an R-matrix

.

O - th-ith -f 0°
iii. there exists isomorphisms : a. P : -W*→V

,
s.t. - t 0 0

µW
,
, , y, y , , ,w

,
, , y , , y , g.µ, , gy.gwg.g.yy.y.gg ,w, , , , ⇒

iii. µ : =p . ñ
' :V→V

, satisfies : ✗ = f-
t
"" ° P = (

1 0

a). R±°cµ☒µ) = µ☒µ°R± o - t
's) 0 1)

b)
. Trac R±oCidv④µ)) = idv µ = f-

t
'"

0

a. (-1012-1)*0 Cid ④µ) 0420-11+10 Cid ④µ") = id-rx-xid.ir
.

O - t
-%)

TH V*
Then

, QR
,xp is an operator invariant. and

such an operator invariant will also be denoted by Pr,µiLi =L - t
'"
- t

- '"IJCL)
.

QR.x.fr .
In summary , we obtain an invariant of, not only links .

Coro 10 . If W=V* and QR,ap is an operator invariant, but also tangles , although we need an additional relation 133
.

tt.
then PR.p.at is a link invariant and think L

. We need a better category to replace 1k-mod to find

QR.x.pl L ) 111 = Pr,µCL ) . Elk. better invariants
.

'

quantum invariant !
I÷

identity element in 1k
Endikclk)


